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^ ^ ' i Abstract 

' Let K/Qp be a finite extension with ring of integers o, let G be a connected reductive 

split Qp-group of Borel subgroup P — TN and let a be a simple root of T in N . We 
associate to a finitely generated module D over the Fontaine ring over o endowed with a 
J2 , semilinear etale action of the monoid T+ (acting on the Fontaine ring via a), a G{Qp)- 

equivariant sheaf of o-modules on the compact space G(Qp)/P(Qp). Our construction 
generalizes the representation DMP-^ of GL{2,Qp) associated by Colmez to a {<p,^)- 
module D endowed with a character of O*- 
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1 Introduction 

1.1 Notations 

We fix a finite extension K/Qp of ring of integers o and an algebraic closure Qp of K. 
We denote by Gp = Gal(Qp/(Q)p) the absolute Galois group of Qp, by A(Zp) the Iwasawa 
o-algebra of maximal ideal A^(Zp), and by Os the Fontaine ring which is the p-adic 
completion of the localisation of the Iwasawa o-algebra A(Zp) = o[[Zp]] with respect to 
the elements not in pA(Zp). We put on Os the weak topology inducing the A^(Zp)- 
adic topology on A(Zp), a fundamental system of neighborhoods of being (p'^Of + 
A^(Zp)")„gN. The action of Zp — {0} by multiplication on Zp extends to an action on Cg. 

Wc fix an arbitrary split reductive connected Qp-group G and a Borel Qp-subgroup 
P = TN with maximal Qp-subtorus T and unipotent radical N . We denote by wo the 
longest element of the Weyl group of T in G, by the set of roots of T in N , and 
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by Ua ■ Ga ^ Na, for a G a Qp-homomorphism onto the root subgroup Na of iV 
such that tua{x)t~^ ~ a{t)x for x S Qp and t S T(Qp), and Nq = Oae* ^^a(Zp) is 
a subgroup of N{Qp). Wc denote by T+ the monoid of dominant elements t in T{Qp) 
such that valp(a(i)) > for all a G $+, by To C T+ the maximal subgroup, by T++ 
the subset of strictly dominant elements, i.e. valp(Q;(t)) > for all a G $+, and we 
put P+ = 7Vor+,Po = NqTo. The natural action of T+ on iVo extends to an action 
on the Iwasawa o-algebra A{Nq) ~ o[[Nq]]. The compact set G(Qp)/P(Qp) contains the 
open dense subset C = N{Qp)woP{Qp)/ P{Qp) homeomorphic to N{Qp) and the compact 
subset Co = 7VoWoP(Qp)/P(Qp) homeomorphic to iVo. We put P(Qp) = woP{Qp)wq^. 

Each simple root a gives a Qp-homomorphism Xa ■ N ^ Ga with section Ua- We 
denote by £a ■ No — > Zp, resp. La '■ Zp ^ Nq, the restriction of Xa, resp. Mq, to iVo, resp. 
Zp. 

For example, G = GL(n), P is the subgroup of upper triangular matrices, N consists 
of the strictly upper diagonal matrices (1 on the diagonal), T is the diagonal subgroup, 
A^o = N{Zp), the simple roots are ai, . . . , a„_i where Q;i(diag(ti, . . . , t„)) = Xq. 
sends a matrix to its + l)-coefficient, WQi(.) is the strictly upper triangular matrix, 
with (z, i + l)-coefRcient . and everywhere else. 

We denote by C°° {X, o) the o- module of locally constant functions on a locally profinite 
space X with values in o, and by {X, o) the subspace of compactly supported functions. 

1.2 General overview 

Colmez established a correspondence V H> n(F) from the absolutely irreducible K- 
representations V of dimension 2 of the Galois group Qp to the unitary admissible ab- 
solutely irreducible /C-representations 11 of GL{2,Qp) admitting a central character [6]. 
This correspondence relies on the construction of a representation D{V)^¥^ of GL{2, Qp) 
for any representation V (not necessarily of dimension 2) of Qp and any unitary character 
(5 : Qp — o*. When the dimension of F is 2 and when 5 = {x\x\)~^Sv, where 6v is the 
character of Q* corresponding to the representation det V by local class field theory, then 
D{V) Kl is an extension of ll{V) by its dual twisted hy So det. It is a general belief that 
the correspondence V n(V^) should extend to a correspondence from representations 
V of dimension d to representations 11 of GL{d,Qp). 

We generalize here Colmez's construction of the representation D of GL{2, Qp), 
replacing GL{2) by the arbitrary split reductive connected Qp-group G. More precisely, we 
denote by Os a the ring Os with the action of T+ via a simple root a G A (if the rank of G 
is 1, a is unique and we omit a). For any finitely generated Og^Q-module D with an etale 
semilinear action of r+, we construct a representation of G(Qp). It is realized as the space 
of global sections of a G(Qp)-equivariant sheaf on the compact quotient G(Qp)/P(Qp). 
When the rank of G is 1, the compact space G(Qp)/P(Qp) is isomorphic to P^(Qp) and 
when G = GL{2) we recover Colmez's sheaf. 

We review briefly the main steps of our construction. 

1. We show that the category of etale T+-modules finitely generated over Os,a is 
equivalent to the category of etale r+-modules finitely generated over Ki^{No), for a 
topological ring Ki^INq) generalizing the Fontaine ring Og, which is better adapted to 
the group G, and depends on the simple root a. 

2. We show that the sections over Co ~ A^o of^ a P(Qp)-equivariant sheaf S of o- 
modules over C ~ is an etale o[P+]-module iS(Co) and that the functor S S{Co) is 
an equivalence of categories. 

3. When S{Cq) is an etale r+-module finitely generated over A£^(A^o), and the root 
system of G is irreducible, we show that the P(Qp)-equivariant sheaf iS on C extends to 
a G(Qp)-equivariant sheaf over G(Qp)/P(Qp) if and only if the rank of G is 1. 

4. For any strictly dominant element s G we associate functorially to an etale 
T-|_-module M finitely generated over A^^ (A^o); a G(Qp)-cquivariant sheaf 2),s of o-modules 
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over G{Qp)/ P{Qp) with sections over Co a dense etale A(iVo)[T+]-subniodule M^"^ of M. 
When the rank of G is 1, the sheaf SJ)s does not depend on the choice of s € 
and M^"* = M; when G = GL{2) we recover the construction of Cohnez. For a general 
G, the sheaf 2)s depends on the choice of s e T^+, the system (2)s)sgt++ of sheaves 
is compatible, and we associate functorially to M the G(Qp)-equivariant sheaves 2)u 
and 21n of o-modules over G{Qp)/P{Qp) with sections over Co equal to Lis^T^+M^'^ and 
CiseT+^M^'^, respectively. 

1.3 The rings A,M) and Os,^ 

Fixing a simple root a € A, the topological local ring Af^(iVo), generalizing the Fontaine 
ring Os, is defined as [llj with the surjectivc homomorphism '■ Nq — >■ Zp. 

We denote by A4{Ng^) the maximal ideal of the Iwasawa o-algebra A(A^^^) = o[[iV^^]] 
of the kernel iVf^ of£a. The ring Ai^^Nq) is the A4(7V£^)-adic completion of the localisation 
of A(7Vo) with respect to the Ore subset of elements which are not in J^{Ni^)A{No). This 
is a noetherian local ring with maximal ideal A^^„(iVo) generated by Ai{N£^). We put 
on Ai^ (A*o) the weak topology with fundamental system of neighborhoods of equal to 
{Mi^ (iVo)" +X(^o)")neN- The action of T+ on Nq extends to an action on Ae^ (Nq). We 
denote by Os^a the ring Os with the action of T+ induced by {t, x) i-> a{t)x : T+ x Zp ^ 
Zp. The homomorphism and its section induce T_|_-equivariant ring homomorphisms 

£a ■■ Ai^ [Nq) Oe^a , ta : Os^a ^ Af„ {Nq) , such that la o ia = id . 

1.4 Equivalence of categories 

An etale T-)_-module over Ag^ (Nq) is a finitely generated A^^ (A^o)-inodule M with a semi- 
linear action x M ^ M of T which is etale, i.e. the action ipt on M of each t G T+ is 
injective and 

a J{No/tNQt^^) C A^o is a system of representatives of the cosets A^o/^A^o^^^; in particular, 
the action of each element of the maximal subgroup Tq of T-|_ is invertible. We denote by 
tpt the left inverse of (pt vanishing on u(pt{M) for u £ Nq not in tNot^^. These modules 
form an abelian category A^^*^ (.^^■j(T+). 

We define analogously the abelian category J^q^ ^^{T^^) of finitely generated Of.Q- 
modules with an etale semilinear action of T-|_. The action (pt of each element t G T-f 
such that a{t) G Z* is invertible. We show that the action T.). x D — >■ Z) of r_(- on 
D £ A4q^ (?+) is continuous for the weak topology on D; the canonical action of the 
inverse T- of T is also continuous. Extending the results of [16) . we show: 

Theorem 1.1. The base change functors 0$®^^ — and Ai[Nq)®^^ — induce quasi-inverse 
isomorphisms 

Using this theorem, we show that the action of and of r_ on an etale T_|.-module 
over A£^(A'o) is continuous for the weak topology. 

1.5 P-equivariant sheaves on C 

The o-algcbra C°°(A'o,o) is naturally an etale o[P+]— module, and the monoid P+ acts 
on the o-algebra Endoil/ by (6, F) (p^ o F o tpf,. We show that there exists a unique 
o[P_|_]- linear map 

res : C°°(A^o,o) ^ Endo M 
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sending the characteristic function lyvo of iVo onto tlie identity id a/; moreover res is an 
algebra homomorphism which sends lf,.jVo to ipb o for all h G P+ acting on a: G Nq by 
(&, x) I— h.x. 

For the sake of simplicity, we denote now by the same letter a group defined over Qp 
and the group of its Qp-rational points. 

Let be the o[P]-module induced by the canonical action of the inverse monoid P_ 
of on A/; as a representation of N , it is isomorphic to the representation induced by 
the action of -/Vg on M . The value at 1, denoted by cvq : M, is P_-equivariant, and 

admits a P^-equi variant splitting ao : M ^ sending m G M to the function equal 
to n H> nm on A^o and vanishing on — A'q. The o[P]-submodule A/^f of generated 
generated by ao{M) is naturally isomorphic to A[P] ®aip^] M. When M = C°°{No,o) 
then Mf = C^{N, o) and = C^{N, o) with the natural o[P] -module structure. We 
have the natural o-algebra embedding 

P do o P o cvo : Endo M Endo . 

sending id^/ to the idempotcnt Rq = (Jq o evo in Endo A/^. 
Proposition 1.2. There exists a unique o[P]-linear map 

Res : C^{N, o) -> Endo 

sending Ij^^ to Rq; moreover Res is an algebra homomorphism. 

The topology of is totally disconnected and by a general argument, the functor of 
compact global sections is an equivalence of categories from the P-equivariant sheaves on 
N to the non-degenerate modules on the skew group ring 

C^{N,o)#P =®bepbC'^{N,o) . 

in which the multiplication is determined by the rule (6i/i)(fo2/2) = &ife2/i^/2 for 6; G 
P,/, GC°°(7V,o)and/f^(.) = /(62.)- 

Theorem 1.3. The functor of sections over Nq ~ Co from the P-equivariant sheaves on 
N ^ C to the etale o[P^]-modules is an equivalence of categories. 

The global sections on C of a P-cquivarianf sheaf 5 on C is S{C) — S{Cq)^ . 

1.6 Generalities on G-equivariant sheaves on G/P 

The functor of global sections from the C?-equivariant sheaves on G/P to the modules on 
the skew group ring Ag/p ~ C°°{G/P, o)#G is an equivalence of categories. We have the 
intermediary ring A 

Ac^C^{C,o)#P c A^®geG9CT{9-^CC^C,o) c Ag/p, 

and the o-module 

Z = ®geG{iQp)9C^{C,o) 
which is a left ideal of Ag/p and a right ^-submodule. 
Proposition 1.4. The functor 

Z^Y{Z) = Z®j^Z 

from the non- degenerate A-modules to the Ag/ p-nfiodules is an equivalence of categories; 
moreover the G-sheaf on G/P corresponding to Y(Z) extends the P-equivariant sheaf on 
C corresponding to Z\^^ . 
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Given an etale o[P-f ]-module M, we consider the problem of extending to A the o- 
algebra homoniorphism 

Res : Ac ^ Endo(i\/f ) , ^ ^ 6 o Res(/b) . 

We introduce the subrings 

Ao = Ico-^lco = ©<,GG5C°°(.9"^Co nCo,o) c ^ , 
= IcoAlcn = ®bep6C°°(fo-iCo nCo,o) c Ac • 

The skew monoid ring Aco = C°°{Co,o)i^P+ = (BbeP+bC°°{Co,o) is contained in ^co- 
The intersection g~^Co n Co is not if and only if g G N^PNo- The subring Res(^co) of 
Endo(M^) necessarily lies in the image of Endo(A/). 

The group P acts on A by {b,y) H> (61g/p)2/(^1g/p)^^ for b ^ P, and the map 
6 (8) y i-> (folG/p)?/(^lG/p) "'^ gives o[P] isomorphisms 

o[P] ®o[p+] -Ao -> ^ and o[P] ®o[p+] Ac„ Ac ■ 

Proposition 1.5. Let M be an etale o[P-^]-module. We suppose given, for any g G 
NqPNq, an element Tig G Endo(A/). The map 

7^o : A -> Endo(M) , ^ gfg^UgomsUg) 

geNoPNo 

is a P^-equivariant o-algebra homomorphism which extends Res \Aca */ '^'^^ only if, for all 
g,h £ NqPNq, 5 G P n NqPNq, and all compact open subsets V C Cq, the relations 

HI. rcs(lv) o'Hg=ngO rcs(lg-ivnco) ; 

H2. Ug o = 'Hgh o res(l^-ic,nCo) . 

H3. Hb = fcorcs(l6-iconco) • 

hold true. In this case, the unique o[P]-equivariant map TZ : A ^ Endyi(A'/^) extending 
TZq is multiplicative. 

When these conditions are satisfied, we obtain a G-cquivariant sheaf on G/P with 
sections on Cq equal to M. 

1.7 (s, res, (J!:)-integrals T-Lg 

Let M be an etale r+-module M over A^^(iVo) with the weak topology. We denote 
by Endo°"*(M) the o- module of continuous o- linear endomorphisms of M, and for g in 
NqPNq, by Ug C iVo the compact open subset such that 

UgWQP/P = g-'CQnCQ . 

For u G Ug, we have a unique element a{g,u) G NqT such that guwQN ~ a{g,u)uwQN . 
We consider the map 

a<,,o:iVo^Endr*(M) 
Q^g.o(''^) = R.gs(1cq) o a{g, u) o Rcs(lco) for u G Ug and ag.o(u) = otherwise. 

The module M is Hausdorff complete but not compact, also we introduce a notion of 
integrability with respect to a special family £ of compact subsets C C M , i.e. satisfying: 

£(1) Any compact subset of a compact set in £ also lies in €. 
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£(2) If Ci, C2, . . . , C„ e £ then Ur=i C^ is in £, as well. 

£(3) For all C e £ we have NqC G £. 

£(4) Af(£) := Ucee is an ctale o[P+]-submodule of M. 

A map from M(£) to M is called £-continuous if its restriction to any C G £ is 
continuous. The o-module Hom5°"*(Af (£), Af) of £-continuous o-linear homomorphisms 
from i\jf(£) to M with the £-open topology, is a topological complete o-module. 

For s g the open compact subgroups Nk = s'^Nqs^'^ C N for A: € Z, form a 

decreasing sequence of union and intersection {1}. A map F : Nq Hom^°"*(M(£), M) 
is called (s, res, £)-integrable if the limit 

/ Fdres := lim \^ o rcs(l„jVj.) , 

I AT fe— >oo — ' 
•'^'> ueJ{No/Nk) 

where J{No/Nk) C A'o, for any A; G N, is a set of representatives for the cosets in No/Nk, 
exists in Hom^°"*(M(£), M) and is independent of the choice of the sets J (No/Nk). We 
denote by T-ig.j(No/Nk) the sum in the right hand side when F = ag,o(-)U/(e) • 

Proposition 1.6. For all g G NqPNo, the map ag,o(.)lAf(c) : ^0 ^ Hom5°"*(M(£), M) 
is (s, res, ^)-integrable when 

£(5) For any C G £ the compact subset ipsiC) C M also lies in £. 

T(l) For any C G £ such that C ~ NqC, any open A[Na]-submodule Ai of M, and any 
compact subset C+ C there exists a compact open subgroup Pi = Pi{C, Ai, C+) C 
Pq and an integer fc(C, A^,C+) > such that 

s'^il ~ Pi)C+^/' C E{C,M) for any k > k{C,M,C+) . 

The integrals Tig of ag,o(-)Uf(£) satisfy the relations HI, H2, H3, when they belong 
EndA(Af(£)), and when 

£(6) For any C G £ the compact subset (fsiC) C M also lies in £. 

T(2) Given a set J{No/Nk) C Aq of representatives for cosets in No/Nk, for k > 1, for 
any x G A/(£) and g G NqPNo there exists a compact A-submodule Cx.g G £ and a 
positive integer kx,g such that 'Hg,j(NQ/Nk){^) ^ ^^-g ^'"^U ^ — ^x.g- 

When £ satisfies £(1), . . . , £(6) and the technical properties T(1),T(2) are true, we 
obtain a G-equi variant sheaf on G/P with sections on Co equal to M(£). 

1.8 Main theorem 

Let M be an etale T+-modulc M over Ae^{No) with the weak topology and let s G 7++. 
We have the natural T_|_-equivariant quotient map 

£m ■■ M ^ D ^ Os^a M , m^l®m 

from M to D = B{M) G Moe of r+-equivariant section 

iD ■■ D ^ M = Ki,^{No)®u„D , d^\®d. 

We note that o[No\iD{D) is dense in M . A lattice Do in Z? is a A(Zp)-submodule generated 
by a finite set of generators of D over Og . When D is killed by a power of p, the o-module 

M^'^iDo) := {m G M \ ^mIV-^'I""^™)) e Da for all u G A^o and keN} 

of M is compact and is a A(A'o)-module. Let £s be the family of compact subsets of 
M contained in M^/{Do) for some lattice Do of D, and let M]"* = U£,„i\/j"*(Do) for all 



7 



lattices Dq in D. In general, M is p-adically complete, M /p^M is an etale T+-module 
over Ki^ {No), and D/p^D = B{M/p"'M). We denote by p„ : M ^- M/p'^M the reduction 
modulo p", and by £s,„ the family of compact subsets constructed above for M/p^M. 
We define the family of compact subsets C C M such that p„(C) G £s,n for all n > 1, 
and the o-module Af^'^ of m G M such that the set of ("""^'ti.)) for A: G N, u G Nq 

is bounded in D for the weak topology. 

By reduction to the easier case where M is killed by a power of p, we show that €s 
satisfies £(1), . . . , £(6) and that the technical properties 1(1), T(2) are true. 

Proposition 1.7. Let M be an etale T+-module M over Ae^{No) and let s G 7++. 

(i) M^'^ is a dense A{No)[T-^.]-etale suhmodule of M containing lo{D). 

(ii) For g G NqPNq, the {s,tcs,^s) -integrals TLg.s of ag,o\Mbd exist, lie in Endo(A/g''), 
and satisfy the relations HI, H2, H3. 

(Hi) For si,S2 G T++, there exists S3 G T++ such that M^^ contains M^f U M^^ and 

ng^s,=ng,s. onM^fnM^^. 

The cndomorphisms Tig^s £ Endo(A/^'') induce endomorphisms of DseT-i^+M^'^ and of 
UseT++Mj"^ = Y.SGT++ ^s'^ satisfying the relations HI, H2, H3. Moreover Us^t+^M^'^ and 
l^s&T++Mg'^ are A(A^o)[^+]-etale submodules of M containing ld{D). Our main theorem 
is the following: 

Theorem 1.8. There are faithful functors 

Yn, {Y s)s<^T++, Yy : J^'oe — ^ G-equivariant sheaves on G/P , 

sending D — D(Af) to a sheaf with sections onCo equal to the dense A{NQ)[T^]-submodules 
ofM 

fl Aff , (Aff ),eT++, and [j A/f , 

respectively. 

When G — GL{2, Qp), the sheaves Ys{D) are all equal to the G-cquivariant sheaf on 
G/P ^ P-'^(Qp) of global sections DMF^ constructed by Colmez. When the root system 
of G is irreducible of rank > 1, wc check that UseT+^M^'^ is never equal to M. 

1.9 Structure of the paper 

In section 2, we consider a general commutative (unital) ring A and ^-modules M with two 
endomorphisms ipi V such that ip o ip ^ id. We show that the induction functor Ind^ ^ = 
lim^ is exact and that the module A[Z] ®n,(^ M is isomorphic to the subrcprcscntation of 

Ind§ ^{M) = M generated by the elements of the form {ip''{m))keN- 

In section 3, we consider a general monoid P+ = Nq xi L+ contained in a group P with 
the property that tN^t^^ C iVo has a finite index for all t G i+ and we study the etale 
A[P_|-]-modulcs M . We show that the inverse monoid P_ = L-Nq C P acts on M, the 
inverse of i G L+ acting by the left inverse tpt of the action Lpt of t with kernel '^'Pt {M) 
for u ^ No not in tNot^^. We add the hypothesis that contains a central element s 
such that the sequence {s'^ Nos~'^)k&i is decreasing of trivial intersection, of union a group 
N, and that P = N » L is the semi-direct product of N and of L = Uk&^L-s'^ . An A[P_|-]- 
submodule of M is etale if and only if it is stable by ipg. The representation of P 
induced by Af|p„ , restricted to TV is the representation induced from Afl^Vo, and restricted 
to is the representation M induced from A/I^-h. The natural A [P+J- embedding 

M — > generates a subrepresentation A^^ of isomorphic to A[P] ^a[p+] M. When 
is a locally profinite group and A^o an open compact subgroup, we show the existence 
and the uniqueness of a unit-preserving ^[P-)_]-map res : G°°{No, A) End^(Af), we 
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extend it uniquely to an A[P]-map Res : C°°{N, A) End^(Af-^), and we prove our first 
theorem: the equivalence between the P-equivariant sheaves of A-niodules on N and the 
etale ^[P+] -modules on A^o- 

In section 4, we suppose that A is a linearly topological commutative ring, that P is 
a locally profinite group and that M is a complete linearly topological A-modulc with a 
continuous etale action of P+ such that the action of P_ is also continuous, or equivalcntly 
ips is continuous (we say that M is a topologically etale module). Then AI^ is complete 
for the compact-open topology and Res is a measure on N with values in the algebra 
j^cont q£ continuous endomorphisms of . We show that E'^""* is a complete topological 
ring for the topology defined by the ideals iJ™"* of endomorphisms with image in an open 
A-submodule C C , and that any continuous map N Econt integrated with 

respect to Res. 

In section 5, we introduce a locally profinite group G containing P as a closed subgroup 
with compact quotient set G/P, such that the double cosets P\G/P admit a finite system 
W of representatives normalizing L, of image in Nq (L)/ L equal to a group, and the image 
C — PwqP/P in G/P of a double cosct (with wq S W) is open dense and homeomorphic 
to N by the map n ^ nwoP/P. We show that any compact open subset of G/P is a 
finite disjoint union of g^^UwoP / P for g ^ G and U <Z N a. compact open subgroup. We 
prove the basic result that the G-equivariant sheaves of A- modules on G/P identify with 
modules over the skew group ring C°°{G/P, A)^G, or with non-degenerate modules over a 
(non unital) subring A, and that an etale ^[P+J-module M endowed with endomorphisms 
TLg G End/i(A/), for g e N^PNo, satisfying certain relations HI, H2, H3, gives rise to a 
non-degenerate ^-module. For 5 e G we denote Ng C N such that NgWoP/P = g~^CriC. 
We study the map a from the set of {g, u) with g G G and u € Ng to P defined by guw^N = 
a{g, u)u'WoN. In particular, we show the cocycle relation a{gh, u) = a{g, h.u)a{h, u) when 
each term makes sense. When M is compact, then is compact and the action of P on 

induces a continuous map P Econt ^ show that the A-linear map A — )■ 
given the integrals of a{g, .)/(.) with respect to Res. for / G C^{Ng, A), is multiplicative. 
As explained above, we obtain a G-equivariant sheaf of ^-modules on G/P with sections 
M on Co. 

In section 6, we do not suppose that M is compact and we introduce the notion 
of (s, res, £)-integrability for a special family £ of compact subsets of M. We give an 
(s, res, £)-integrability criterion for the function agfi{u) = Kes{lNa)'^i9h,u)Iles(l]\[g) on 
the open subset Ug C iVo such that UgWoP/P = g^^Co Ci Co, for g G NqwoPwoNq, a 
criterion which ensures that the integrals Ug of ag^o satisfy the relations HI, H2, H3, 
as well as a method of reduction to the case where M is killed by a power of p. When 
these criterions are satisfied, as explained in section 5, one gets a G-equivariant sheaf of 
^-modules on G/P with sections M on Cq. 

The section 7 concerns classical (tp, r)-modulcs over Os, seen as ctalc o[P\_ ]-module 

(2) 

D, where the upper exponent indicates that P_]_ is the upper triangular monoid P-f of 
GL(2, Qp). Using the properties of treillis we apply the method explained in section 6 to 
this case and we obtain the sheaf constructed by Colmez. 

In section 8 we consider the case where A'o is a compact p-adic Lie group endowed 

(2) 

with a continuous non-trivial homomorphism £ : iVo Nq with a section l, that d L 
is a monoid acting by conjugation on A^o and l^N^ ), that i extends to a continuous 
homomorphism £ : P^: = Nq ><i ^ P\_ ' sending to L\' and that l is equivari- 
ant. We consider the abelian categories of etale L*-modules finitely generated over the 
microlocalized ring h.i{No) resp. over Os (with the action of L* induced by €). Between 
these categories we have the base change functors given by the natural L*-equivariant 
algebra homomorphisms £ : Af(7Vo) — > Os and l : Os — > A£{No). We show our second 
theorem: the base change functors are quasi-inverse equivalences of categories. When 
contains an open topologically finitely generated pro-p-subgroup. we show that an etale 
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L*-module over is automatically topologically etale for the weak topology; the result 
extends to etale L*-modules over Ai{No), with the help of this last theorem. 
In the section 9, we suppose that £ : P ^ P'-^HQp) 

is a continuous homomorphism 
with £{L) C L'-^HQp), and that l : N'-^^'Qp) ^ N is a L-equivariant section of £\n (as L 
acts on iV'^-'(Qp) via £) sending £{Nq) in A^o- The assumptions of section 8 are satisfied 
for = L+. Given an etale L_(.-module M over A({No), we exhibit a special family €s 
of compact subsets in M which satisfies the criterions of section 6 with Af (C^) equal to 
a dense A(Afo)[^+]-submodule M^'* C M. We obtain our third theorem: there exists a 
faithful functor from the etale L_(.-modules over Ag{No) to the G-equivariant sheaves on 
G/P sending M to the sheaf with sections M^'^ on Co- 

In section 10, we check that our theory applies to the group G(Qp) of rational points of 
a split reductive group of Qp, to a Borel subgroup P{Qp) of maximal split torus T(Qp) = L 
and to a natural homomorphism £a : P{Qp) — > P^^H^p) associated to a simple root a. We 
obtain our main theorem: there are compatible faithful functors from the etale T(Qp)-|-- 
modules D over (where T(Qp)_|- acts via a) to the G(Qp)-cquivariant sheaves on 
G(Qp)/P(Qp) sheaves with sections M{D)''/ on Co, for all strictly dominant s e T{Qp). 
When the root system of G is irreducible of rank > 1 , we show that UsMj"* = M{D). 

Acknowledgements: A part of the work on this article was done when the first and 
third authors visited the Institut Mathematique de Jussieu at the Universities of Paris 6 
and Paris 7, and the second author visited the Mathematische Institut at the Universitat 
Miinstcr. We express our gratitude to these institutions for their hospitality. We thank 
heartily C.I.R.M., I.A.S., the Fields Institute, as well as Durham, Cordoba and Caen 
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2 Induction Ind^ for monoids H C G 

A monoid is supposed to have a unit. 
2.1 Definition and remarks 

Let ^ be a commutative ring, let G be a monoid and let H he a submonoid of G. We 
denote by A[G] the monoid A-algebra of G and by 9JIa{G) the category of left ^[G]- 
modules, which has no reason to be equivalent to the category of right A[G]-modules. 
One can construct A[G]-modulcs starting from A[_ff]-modulcs in two natural ways, by 
taking the two adjoints of the restriction functor Res^ : dJlA{G) — > 9n^(i?) from G to H. 
For M £ ^XHa{H) and V G 9Jl/i(G) we have the isomorphism 

Hom^[G](A[G] (g>AiH] M, V) Hom^[^](M, V) 
and the isomorphism 

Hom^[G] {V, RomA[H] {A[G] , M)) ^ Hom^[H] {V, M) . 
For monoid algebras, restriction of homomorphisms induces the identification 

Hom^[H](A[G],il/) =Indg(M) 
where Ind^(Af) is formed by the functions 

f : G ^ M such that f{hg) = hf{g) for any heH,geG. 

The group G acts by right translations, gf{x) = f{xg) for g,x £ G, and the isomorphism 
pairs a morphism 4> of the left side and the morphism of the right side such that 

0(w)(.g) = <Pigv) 
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for vinV and g in G ([M] 1.5.7). It is well known that the left and right adjoint functors 
of Res^ are transitive (for monoids H <Z K <Z G), the left adjoint is right exact, the right 
adjoint is left exact. 

We observe important differences between monoids and groups: 

1) The binary relation g g' ii g £ Hg' is not symmetric, there is no "quotient space" 
H\G, no notion of function with finite support modulo H in Ind^(A/). 

2) When hM = for some h € H such that hG = G, then Indg(A/) = 0. Indeed 
f{hg) = hf{g) implies f{hg) = for any 5 G G. 

3) When G is a group generated, as a monoid, by H and the inverse monoid H^^ := 
{/i 6 G I G H}, and when M in an j4[if]-module such that the action of any element 
h e H on M is invertible, then f{g) = gf{l) for all g £ G and / £ Indg(M). This 
can be seen by induction on the minimal number m £ N such that g = gi ■ ■ ■ gm with 
gi £ i? U H^^. Then 51 £ iJ implies f{g) = 51/(32 •■• 5™), and gi £ H^^ implies 
/(.92 • --gm) = f{gi^9i92 ■ • -5™) = di^fia)- The representation Ind^(M) is isomorphic 
by / /(I) to the natural representation of G on M. 

2.2 From N to Z 

An A-module with an endomorphism ip is equivalent to an A[N]-module, ip being the 
action of 1 £ N, and an A-module with a bijective endomorphism ip is equivalent to an 
A[Z]-module. When tp is bijective, A[Z] ®A[^ M and lnd^{M) are isomorphic to M. 

In general, A[Z] ®a[n] M is the limit of an inductive system and Ind^(M) is the limit 
of a projective system. The first one is interesting when ip is injective, the second one 
when ip is surjective. 

For r £ N let Mr = M. The general element of Mr is written Xr with x £ M. Let 
lin^ (M, ip) be the quotient of Ur^jqMr by the equivalence relation generated by ip{x)r+i = 
Xr, with the isomorphism induced by the maps Xr — > ip{x)r '■ Mr — !• Mr of inverse induced 
by the maps Xr — > Xr+i '■ Mr — > Mr+i- Let x 1— >■ [x] : Z — > A\L] be the canonical map. 
The maps Xr [— r] ® x : Mr A[Z] (^a[n] M for r £ N induce an isomorphism of 
74[Z] -modules 

lim M A[Z] M . 

Let 

(1) ^ M := {x = (a;„i)„ieN £ M : ip{xm+i) = for any m £ N} . 

with the isomorphism x ^ (iy9(a;o), xq, xi, • . •) = {ip{xi^\ip(x\\ip[x2) . . .) of inverse x ^ 
(xi,a;2, . . .) . The map / 1— )■ (/(— TO))TnGN is an isomorphism of A[Z]-modules 

IndN(Af) -> ^ i\/ . 

The submodules of M 

M'^°°=° UfceNM'^'=° , (^°°(M) := n„6N ¥'"(Af) 

are stable by ip. The inductive limit sees only the quotient M/M'f and the projective 
limit sees only the submodule ip^{M), 

In^ M = In^ {M/M'P'^=°) , 1^ Af = 1^ (¥'°°(Af)) . 

Lemma 2.1. Let — ?► A/i A/2 ^> A/3 ^> &e an exaci sequence of A-modules with an 
endomorphism ip. 
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a) The sequence 

^ lim (Ml) lun (A/2) ^ lun (A/3) 

is exact. 

b) When cp is surjective on Mi, the sequence 

^ lim (A/i) ^ lim (A/2) ^ lim (A/3) ^ 

is exact. 

Proof, a) It suffices to sliow tliat the map hi^ (^^1) ^ Ihi^ (-^^2) is injectivc. Let x in the 
kernef and let yr G Mr a representative of x. Let z be the image of y in A/2. Then is a 
representative of the image of x in lim (A/2). There exists fc £ N such that ^p^{z) = 0. As 
the map A/i — ^ M2 is injectivc and commutes with ip we have p>^{y) = 0. Hence a; = 0. 

b) It suffices to show that for x 6 M3,y £ A/2 of image ip{x), there exists z G A/2 of 
image x such that ip{z) = y. Take any z' 6 A/2 of image x and ip{z') = y' . The difference 
y' — y belongs to the image of Mi and (f being surjective on Mi there exists t £ M2 in 
the image of Mi such that if{t) ^ y — y' . Take z ^ z' + t. □ 

2.3 ((yj, ?/;)-modules 

Let M be an ^-module with two endomorphisms ip,ip such that -ip o (p = 1. Then -0 is 
surjective, ip is injective, the endomorphism tp o tp is a, projector of M giving the direct 
decomposition 

(2) A/ = (^(M) © A/'^=° , m ^ {ipoiP){m) + m'^=° 

for m G A/ and m"^^^ S M^^^ the kernel of ?/'• We consider the representation of Z 
induced by (A/, ^/j) as in (P?^ . 

Ind^_^(A/) ^ lim (A/) . 

On the induced representation ?/; is an isomorphism and we introduce ip := tp~^. As ip is 
surjective on A/, the map cvq : Ind^ — ^ A/, corresponding to the map 

lim (A/) -> M, (a;m)mgN 1-^ a;o 

V' 

is surjective. A splitting is the map cto : M — > Ind^ ^,(-^^) corresponding to 

(3) A/ ^ lim (A/), (^™(x))™eN • 

Obviously cvq is ?/;-equivariant, ctq is </5-equivariant, cvq o ctq = id^/, and 

/?o ffoocvo e EndA(Ind|^(A/)) 

is an idcmpotcnt of image ao{M). 

Definition 2.2. The representation of 1 compactly induced from (M^ip) is the subrepre- 
sentation c-Ind^^(A/) o/Ind^^(A/) generated by the image of af^{M). 

We note that, for any > 1, the endomorphism tp^^ip^ satisfy the same properties 
than ij}, tp> because o <~p^ = \. For any integer fc > 0, the value at fc is a surjective map 
evfc : Ind^ ,^(A/) ^> A/, corresponding to the map 

(4) lim (M) -> A/, (xm)meN ^ Xk 
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of splitting (Tfc : A/ — > Indjj ^ (M) corresponding to the map 

(5) M^\^{M), {i;''{x),...,i;{x),x,ip{x),ip'^{x),...) . 

The following relations arc immediate: 

evfc = evQO ip'' = ipoevk+i = cvfc+io-0, 

CTfc = Ip''- 0-0 = O'fc+l 0(p ^ ipo (Tfe+i . 

We deduce that ak{M) C ak+i{M). Since ak{M) is (^-invariant we have 

(6) c-Indg,^(M) - ^V^^-K(M)) = ^afc(M) - \J<Jk{M). 

fc6N feeN feeN 

In ^m (A/) the subspace of {xm)m£N such that .T^^-j-r = V^{xr) for all fc € N and for some 

r G N; is equal to c-Ind^^(M). The definition of c-Ind^^,(Af) is functorial. We get a 
functor c-Ind^ ^ from the category of A-modulcs with two cndomorphisms ip such that 
Tp o ip ~ 1 (a morphism commutes with and with (/j) to the category of j4[Z]-modules. 

Proposition 2.3. The map 

A[Z]®A[nuM ^ Hom^[N],v,(A[Z],A/) ^ Ind5,;,(A/) 
[k]®m h-> ((^''octo)(to) 

induces an isomorphism from the tensor product A\L] ®A[¥(\.ip^I to the compactly induced 
representation c-Ind^ ipi^) (note that xjj and ip appear). 

Proof. From ^ and the relations between the crfe we have for m G M, fc G N, fc > 1, 

(Tfc(TO) = crfc_i(?A(m)) + crfe(m'''=°) . 

By induction J2keN'^k{M) — ao{M) + J2k>i '^k{M^'^^). Using ([5]) one checks that the 
sum is direct, hence by 

c-Indg_^(Af) = ao(Af)e(©fe>i(7fe(A'/'^=°)) . 

On the other hand, one deduces from ^ that 

A[Z] ®Am.,^ M = ([0] Af) © (©fc>i([-fc] Af'^=0)) . 

□ 

With the lemma \TJ\ wc deduce: 
Corollary 2.4. The functor c-Ind^ ^ is exact. 

Wc have two kinds of idempotents in Endyi(Ind5^(Af)), for fc G N, defined by 

(7) Rk ■■= cTo o o ip'^ o evo , := ip^ o o ip^ = dfe o evfe . 

The first ones are the images of the idempotents := ip^ o ip^ ^ Endyi(Af ) via the ring 
homomorphism 

(8) End^(A//) -> End^IndS^^(A'/) , / ctq o / ° evo . 

The second ones give an isomorphism from Ind^ ^(-^^) to the limit of the projective system 
((Tfc(A'/),i?_fc : <Jk+i{M) ^ ak{M)). 
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Lemma 2.5. The map f i— > {R^kif))k£N "is an isomorphism from Indpj ^(M) to 
]^{akiM)) {ifk)ken I fk e ak{M) , fk = R-kifk+i) for fc e N } 

of inverse {fk)keN ^ / "with evfc(/) = cvk{fk)- 

Remark 2.6. As (p is injective, its restriction to n„gN<y9"(M) is an isomorphism and the 
foUowing ^[Z]-modules are isomorphic (section [2.2p : 

Ind^_^(Af) ~ ^ (M) ~ Dn^nip^'iM) . 

As ijj is surjective, its action on the quotient M/M^ =° is bijective and the foUowing 
A[Z]-modules are isomorphic (section [2. 2^ : 

Am «)A[N],^ M ~ In^ [M) ~ A//A/'^°°=°. 

Remark 2.7. When the A-module M is noetherian, a ^-stable suhmodule of M which 
generates M as a Lp-module is equal to M . 

Proof. Let iV be a submodule of M . As M is noetherian there exists A: G N such that 
the (/^-stable submodule of M generated by N is the submodule Nk C M generated by 
N, (p{N), . . . , ip''{N). When N is V'-stable we have ip^{Nk) = N and when TV generates M 
as a v?- module we have M ^ Nk-ln this case, M = %p''{M) = ip''{Nk) = N. □ 

3 Etale P+-module 

Let P ~ N >i L be a semi-direct product of an invariant subgroup N and of a group L and 
let Nq C N be a subgroup of N. For any subgroups V C U C N, the symbol J(U /V) C U 
denotes a set of representatives for the cosets in U /V. 

The group P acts on N by 

(5 = nt, x) b.x = ntxt^^ 
for n,x <E N and t e L. The P-stabilizer {b e P \ b.No C Nq} of A^o is a monoid 

P+ = NoL+ 

where C L is the L-stabilizer of Nq. Its maximal subgroup {b € P \ b.No = Nq} is the 
intersection Pq = Nq » Lq of P+ with the inverse monoid P_ = L-Nq where L_ is the 
inverse monoid of and Lq is the maximal subgroup of L-|_. 

We suppose that the subgroup t.No = tNot^^ C Nq has a Enite index, for all t G L+. 
Let A be a commutative ring and let M be an A[P-^]-module, equivalently an A[No]- 
module with a semilinear action of L^. 

The action of 6 G P+ on AI is denoted by ipi,. When p E Pq then Lpi, is invertible and 
we write also ipi,{m) — bm , tpf^^{m) ~ b^^m for m G A/. The action ipt G End^(A/) of 
t G L+ is yl[Ao]-semilinear: 

(9) (fitixm) = ipt{x)ipt(m) for a; G A[A'o], m^M . 
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3.1 Etale 

The group algebra A[iVo] is naturally an v4[P_|_]- module. For t £ L^, then (pt is injective 
of image A[tNot^^], and 

^[^o] = ®ueJ{No/tNot-^)uA[tNot-^] . 
Definition 3.1. We say that M is etale if, for any t e ipt is injective and 

(10) M = (Bue.J(No/tNot-^) u ipt{M) . 

An equivalent formulation is that, for any t e L^, the linear map 

A[No] ®AlNo],^pt M ~> M , a; (g) TO i-> xipt{m) 

is bijective. For M etale and t G L+, let ijjt G Endyi(M) be the unique canonical left 
inverse of ipt of kernel M'^^=° = J2ue{No-tNot-^}^ft{M). 

The trivial action of P+ on M is not etale, and obviously the restriction to of a 
representation of P is not always etale. 

Lemma 3.2. Let M be an etale A[P^]-module. For t G the kernel Af^*=° is an 
A[tNot^^]-module, the idempotents in End^ 

{u o (ft o Tpt o U^^)ueJ{No/tNot-^) 
are orthogonal of sum the identity. Any to G M can be written 

(11) m = ^ u(pt{mu,t) 

u£j{No/tNot-^) 

for unique elements mu,t G M, equal to mu,t = 

Proof The kernel M'^*=° is an A[tNot ^]-module because Nq — tN^t ^ is stable by left 
multiplication by tN^t^^ . The endomorphism Lpt ° tpt is an idempotent because ipt ° = 
id-M- Then apply ((TU]) and notice that to G M is equal to 

TO= {u o (ft o tpt o u~^){m) . 

ueJiNo/tNot-^) 

□ 

Remark 3.3. 1) An ^[P+J-module M is etale when, for any t G L+, the action ipt of t 
admits a left inverse ft G End^i M such that the idempotents {uoiptoft°u^^)u£j{No/tNot~'^) 
arc orthogonal of sum the identity. The endomorphism ft is the canonical left inverse Tpt ■ 
2) The ^[P+]-module A[Na\ is etale. As A[Nq\ is a left and right free A[iiVot"^]-module 
of rank [iVo : tN^t^^] we have for x G A[Nq\ , 

X= ^ Utft{Xu,t) = XI Vt«,t)it"^ 

ui£.J{No/tNot-^) ueJ{No/tNot'^) 

where Xu,t = 4'tiu~^x), x'^ j = ipt(xu) and ipt is the left inverse of tpt of kernel 
X uA[tNQt-^] = A[tNot-'^]u-^ . 

ueNa-tNat-'^ ueNo-tNot-'^ 

Let M be an etale A[P+]-module and t G L+. We denote m m"^'-" : M ^ M'^'-o 
the projector idj\/ ~-ipt o ipt along the decomposition M = ipt(M) ® AP'''^". 
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Lemma 3.4. Let x G ^[A^o] o^nd m e M. We have 

il}t{^t{x)Tn) = xipt{m) , ipt{xipt{m)) = iptix)m , 

{ipt{x)m)'f"=° = ^t(a;)(m'^'=°) , {xift{m)f'=° = x'>"=°ipt{m) . 

Proof. We multiply m = {(ft o i}}t)[m) + m^*^^ on the left by (pt{x). By the A[A^o]- 
semilinearity of (pt we have (pt{x)m = ipt{xipt{m)) + ipt{x){m'^*^'^). As M^*^'^ is an 
A[tA'oi~^]-niodule, the uniqueness of the decomposition implies ipt{^t(x)m) = xiptijn) 
and (v?t(a;)m)'^*=° = ^t(x)(m''''=°) . 

We multiply x — {ipt ° i'tjix) + x^'*"^^ on the right by (pt{m). By the semilinear- 
ity of (pt we have x(pt{m) = ipt{ipt{x)m) © x'^'=°ipt{m). As A[NQp''='^(pt{M) = M'f'*=° 
the uniqueness of the decomposition implies iptixiptim)) = ipt{x)'m , [x(pt{m))^*^^ = 
a;'^*=0v3t(m). □ 

Lemma 3.5. Let x G ^[A^o] '^'^'^ •= /ia?;e 

ilJt{xm) = ^ tpt{xu)tpt{u^^m) . 

uGJ{No/tNot~^) 

Proof. Replace a; by E„6j(jVo/iJVot-M '/'t^.J^-^ and m by E«eJ(iVoAJVot-M w</'t(m„,t) in 
tpt{xm). We get 

The kernel of ipt, being an ^[tA^o^^^l-module, is equal to 

^^,=0 ^ A[tNot-^]uipt{M) . 

ueNo-tNot-^ 

Hence Vt(</'t«,t)ii"^w</5t("T-^,t)) = if it 7^ u, and ^((a;m) = Y.ueJ{No/tNot-^) ^'u,t'n^u,t- 

□ 



Proposition 3.6. Let M he an etale A[P+]-module. The map 

b^^ = {uty^ ^ ipb := ijH o : P- EndA(Af) for t e L+ , u G TVo , 
defines a canonical action of P^ on M. 

Proof. We check that tpbib^ = "062 ° "^foi for bi = uiti,b2 = U2t2 G P+. We have ipbib2 ~ 
i>tit2 ° iuitiU2t^'^)~'^ and i/'ba °'06i = "0*2 °'«2'^ ° "^ti o^r^- As u~^oiJjt^ = i/jj^ oiiu~^i~^ it 
remains only to show Tpt2''Pti = "0*1*2 ■ For the sake of simplicity, we note ip^ = (ft. , ipi = -iptt ■ 
For m G M wc have m ~ (pi{{(p2 o ifj2){i^i{'m) + ipi{m)'^^^'^) + m'^'^^". This is also 

= ('P*i*2 °i>2° i>i){m) + ipi{ipi{my*^"°) + m*^=° 

because pt-^ °Pt2 — ftit2 - By the uniqueness of the decomposition m = {p>tit2 °V'*i*2)('^) + 
^-0*1*2=0 g^j-g rgduced to show that 

It is enough to prove the inclusion M''^*i'2=° C <pti (M''''2=0) +M'''*i=° to get the equality 
because M = (ptj^t^iM) © V with V equal to any of them. Hence we want to show 
(12) 

J2 u^t,t2{M) C pi{ J2 ^Vt2iM)) + J2 ^VtAM) . 

u£No-tit2No{tit2)-^ u£No-t2Not~^ ueNo-tiNot^^ 
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As Lpt^ QUO ipi^ = tiut^ o (pt^t2 the right side of ([T2|) is 

As (ptit2 = Vi ° 'fit2 we have (^(^(^(A/) C (^tj(M). Hence ([T^ is true. □ 

Lemma 3.7. Let / : A/ — > A/' &e an A-morphism between two etale A[P+\-modules M 
and A/'. Then f is P^-equivariant if and only if f is P--equivariant (for the canonical 
action of P-). 

Proof. Let t e L+. Wc suppose that / is A^o-equivariant and wc show that f o (fit — ° f 
is equivalent to f o tp^ = tpi o f . Our arguments follow the proof of ([5] Prop. II. 3. 4). 

a) We suppose f o (ft = ft ° f ■ Then f{(pt{M)) = (pt{f{M)) is contained in Lpt[M') 
and f{M'^''=°) = 'EueNo-tNot-^ MfiM)) is contained in Af"^*=o^ gy Lemma this 
implies f o ift °''pt = ft ° ipt ° f ■ As f o ft ~ ft ° f and </Jt is injective this is equivalent to 

f Otpt=1ptO f. 

b) We suppose f oipt = ip^o f. Let m G A/. Then f{ft{m)) belongs to ft{M) because 
ft{M) is the subset of x G M such that = for all u ^ Nq — tNot~^ and we 
have 

Let x{m) G Af be the element such that f{ft{m)) = ft{x{m)). We have 

x{m) = tptft{x{m)) = tptififtim))) = f {i^tftim)) = f{m) . 

Therefore f{ft(m)) = ft{f{mj). □ 

Proposition 3.8. The category 9JTa(-P+)'^* of etale A[P-^]-modules is abelian and has a 
natural fully faithful functor into the abelian category ^a{P-) of A[P-]-modules. 

Proof. From the proposition 13.61 and the lemma 13. 7[ it suffices to show that the kernel 
and the image of a morphism / : A/ — !> A/' between two etale modules M, Af, are etale. 
Since the ring homomorphism ft is flat, for t G L+, the functor $t :— A[Nq\ (>^A[No],(pt ~ 
sends the exact sequence 

(13) (E) Kcr f ^ M ^ M' Coker / ^ 
to an exact sequence 

(14) (ME)) 0^$t(Ker/)^$t(A./)^$t(A//')^$t(Coker/)^0, 

and the natural maps j_ : $*(— ) — > — define a map ^t{E) (E). The maps Jm and 
Jm' are isomorphisms because M et M' are etale, hence the maps jKcr / and jcokcr / are 
isomorphisms, i.e. Ker / and Coker / are etale. □ 

Note that a subrcprcscntation of an etale representation of P+ is not necessarily etale 
and stable by P- . 

Remark 3.9. An arbitrary direct product or a projective limit of etale A[P-^]-modules is 
etale. 

Proof. Since the A[tNot^ ^]-modn\c A[No] is free of finite rank, for t G f +, the tensor 
product A[A'o] (SiAltNot-'-] ^ commutes with arbitrary projective limits. □ 
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3.2 Induced representation 

Let P he a locally proEnite group, semi-direct product P = N yi L of closed subgroups 
N, L, let No C N be an open profinite subgroup, and let s be an element of the centre 
Z{L) of L such that L = L-s^ (notation of the section]^ and [Nk ■= NQS~^)k^z is a 
decreasing sequence of union N and trivial intersection. 

As the conjugation action i x — !> of i on is continuous and A'o is compact 
open in A^, the subgroups Lq d L, Pq d P are open and the monoids P+, P_ are open in 
P. 

We have 

P = P^s^ = s^P+ 

because, for n E N and t G L, there exists fc G N and no G A'o such that n = s~'^nos'^ 
and ts~'' G L_. Thus tn ~ ts~^nQs'' G P-S^ and (tn)^^ G s^''P+. In particular P is 
generated by P+ and by its inverse P_ . 

Let M be an etale left A[P+]-module. We denote by (p the action of s on A/ and by ip 
the canonical left inverse of (p, by 

:= IndpjM) 

the A[P]-module induced from the canonical action of P_ on M (section [2.ip . 

When / : P — > M is an element of , the values of / on s'*^ determine the values of 
f on N and reciprocally because, for any w G Aq, fc G N, 

(15) fis")^ • 

v£j{No/Nk) 

The first equality is obvious from the definition of Indp_ , the second equality is obvious 

by the first equality as the idempotents (v o cp^ o -0'^ o v^^)y^j(^No/Nk) ^"^'^ orthogonal of 
sum the identity, by the lemma 13.21 

Proposition 3.10. a) The restriction to is an A[s^]-equivariant isomorphism 

Ind^-:,,(A/) . 

b) The restriction to N is an N-equivariant bijection from to lnd^^^{M). 

Proof, a) As P = P_s^ and s"^ C P- n (it is an equality if A^ is not trivial), the 
restriction to is a s^-equivariant injective map — > Ind^-N(M). To show that the 
map is surjective, let (p G Indj,-H(M) and b £ P. Then, for b = b-s^ with 6„ G P_,r G Z, 

fib) b^cf>{s-) 

is well defined because the right side depends only on b, and not on the choice of (6_ , r) . 
Indeed for two choices b = b-s"^ = b'_s^ with 6_, b'_ G P_, r > r' in Z, we have 

b-(j){s'') = fe'_s'''-Xs'') = 6'_0(s''') . 

The well defined function b ^ f{b) on P belongs obviously to and its restriction to 
is equal to 0. 

b) As P_ n A^ = Aq the restriction to A^ is an A^-equivariant map — !> Ind^^^ (A/) . 
The map is injective because the restriction to A^ of / G determines the restriction 
of / to s'^ by ([TS|) which determines / by a). We have the natural injective map 

(16) f ^ (t>f ■■ lndf-„{M) ^ ^lnd^^^{M) 
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?i/(s-'^Ms'=) = (V''' o u){f{s'')) for k eN,u(ENo , 
and we have the map 

defined by 

/^(s*=) = ^ (woy.'=^)(0(s-'=z;-is'=)) for fceN. 

t)eJ(Aro/Wfc) 

Indeed the function satisfies tp{f<t>{s''^^)) = /^(■s'^) ^ since ip o u o ip'''^^ = s~^us o (^'^ 
when u € Ni and is otherwise, we have 

veJ{Na/Nt+i) 

J2 (s-li;so/)(0(s-'=-lt;-ls'^+l)) . 

i;eWinJ(7Vo/7Vfc+i) 

The last term is 

E (z;o/)(</,(s-^-z;-is'=)) = /4,s'=) 

^;G.7(Wo/JVk) 

because s~^(iVi n J{NQ/Nk+i))s is a system of representatives of No/Nk and each term 
of the sum does not depend on the representative. Indeed for u 6 iVo, 

For u G A^o, fc € N, we have 

v€ J (No/Nk) 

where the last equality comes from Kerip'^ — '^ueNo-N^ '^'^^{^'I) ■ Moreover, we have 
/</)/ = / as a consequence of Lemma 13.21 □ 

Proposition 3.11. The induction functor 

lnd'p_ : Ma{P+T ^ Ma{P-) ^ Ma{P) 

is exact. 

Proof. The canonical action of any element of P_ on an etale A[P+]-module is surjective. 
Apply Lemma □ 

Proposition 3.12. Let f e Af^ . Let n,n' € N and t £ i+ and denote by k{n) the 
smallest integer fc G N such that n G A^-fc. We have : 

{nf){s''') = (s™ns-™)(/(s™)) for all m > k{n), 
{t-'f)isn^Mf{-n) ^nd {sf)is"') ^ f{s"'+') forallmeZ, 
(sV)("') = J2 vip^{f{s'^v-^n's^)) for all k > 1, 

ve J (No/Nk) 

{t-^f){n') ^ Mfitn't-')) and {nf){n') ^ f{n'n) . 
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Proof. The formulas {sf){s™) = /(s™^"'^), {nf){n') = f{n'n) are obvious. It is clear that 

= /(s™n) = /(s^ns-'^s™) = (s"ns-")/(s™) . 
Using Lemma |3.2[ we write 

We obtain = E„e,7(^„/^,) . □ 

Definition 3.13. The s-model and the N -model of are the spaces Ind*_H(M) ~ 
l^m M and Indj^^ (A/), respectively, with the action of P described in the vrovosition \3. 1^ 



3.3 Compactly induced representation M, 



The map 

evo : A/^ ^ A/ , / /(I) , 

admits a splitting 

CTo : A/ ^ 

For m £ M, cro(™) vanishes on — iVo and is equal to nm on n G Nq and to Lp^{m) on 
for fc G N. In particular, by proposition 13. lOl b. ctq is independent of the choice of s. 

Lemma 3.14. The map cvq is P^-equivariant, the map (To is P^-equivariant, the 
modules aa{M) and M are isomorphic. 

Proof. It is clear on the definition of that evo is P_-equivariant. We show that co is 
i+-equivariant using the s-model. Let t S L+. We choose t' S G N with t't — s*". 

Then ipt'ift — and ipt = i^v'-P^ ■ We obtain for tGQ{m){s^) = ao{m){s''t) the following 
expression 

ao(m)(<'-is'=+'-) = Vt'K(m)(s'=+^)) 

Hence tao{m) ~ aa{tm). We show that ctq is iVo-cquivariant using the iV- model. Let 
no G Nq and m G A/. Then nQaa{m) = fTo("■o'7^), because for fc G N, u G A^o, 

noao{m){s^^us^) = (To(m)(s"''us''rio) = (jQ{m){s^^us^nQS^'^ s^) 

= {ip^ o us'^nos''' o Lp^){m) = (V''' o it o ip''){nQm) = CTo(nom)(s~''us'') . 

□ 

The compact induction of M from P_ to P is defined to be the ^[P]-submodule 

c-Indp_(A/) A/f 
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of AI^ generated by ao{M). The space is the subspace of functions / G with 
compact restriction to N, equivalently such that /(s'^+'') = tf^{f{s'^)) for all fc G N and 
some r G N. The restriction to is an s^-isomorphism (proposition 13. 10| ) 

Mf ^ c-IndflN,^(M) . 

By proposition [2]3l the map 

A[P] ®A[P+] M c-Indp_ {M) 

[s~'']®m (lp"'' o (jo){m) 

is an isomorphism. 

Lemma 3.15. The compact induction functor from P„ to P is isomorphic to 

(17) c-Ind;^_ ^ A[P]®A[P+] : MAiP+V' ^ Xa(P) , 
and is exact. 

Proof. For the exactness see Corollarv l2.4l □ 

3.4 P-equivariant map Res : C^{N, A) EndA(M^) 

Let (TV, A) be the A-module of locally constant compactly supported functions on N 
with values in A, with the usual product of functions and with the natural action of P, 

PxC^{N,A) ^ C^{N,A) , ib,f)^ibf){x)^f{b-\x) . 

For any open compact subgroup U C N, the subring C°°{U, A) C C^{N, A) of functions 
/ supported in U , has a unit equal to the characteristic function lu of U, and is stable 
by the P-stabilizer Pu of U. We have blu = h.u- The A[P[/]-module C°°{U,A) and the 
A[P]-module C^{N,A) are cyclic generated by Ijj. The monoid P+ = N^L^ acts on 
EndA(Af) by 

P+xEndA(M) ^ End^(il/) 

(6, P) (/9h O P O f/lf, . 

Proposition 3.16. There exists a unique P^-equivariant A-linear map 

res : C°°{Na,A) EndA(M) 
respecting the unit. It is an homomorphism of A-algehras. 

Proof. If the map res exists, it is unique because the j4[P+]-module {Nq, A) is gener- 
ated by the unit 1 Ar„ . The existence of res is equivalent to the lemma 13.21 For b G P+ we 
have the idempotent 

(18) Yes{lb.No) ■■= <Pboi^b e EndA(M) . 

We claim that for any finite disjoint sum b.No ~ Ui^jbi.No with bi G P+, the idempotents 
res(lf,i.Aro) are orthogonal of sum 

(19) res(lh.ArJ = ^ res(lfc..Aro) . 

i 

We prove the claim by reducing to the case 6=1 and bi = uit with Ui G iVo, t G P+ where 
the claim follows from the lemma [3T2l To do this, we write ([T9| as 

uo (fit o tpt o u^^ = Ui o (fiti o ipti o for b — ut, bi — Uiti, u, Ui G iVo , t, ti G L+ . 
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Multiplying on the left hy u^^ and on the right by u we reduce to the case u = 1. Then 
we choose t' £ L+ such that t' G tiL+ for all i € I . We reduce to the case U = t' constant 
for i G I, because Uiti.No = Uj^i.Uijt' .Nq is a finite disjoint union with Ui.j G A^o, the 
equality will be satisfied when both res(lf.iVo) = J2iei^iei 

res(l^^ jVq) and 

res(l„,t,.7Vo) = Sj6/i res(l„, ^t'.ArJ, the orthogonality of the idempotents TCs{luiU.No) 
will be satisfied when the idempotents rcs(l„; jv,,) are orthogonal. We arc reduced to 
h ^ t,hi = Uit' for i E I. The inclusion Uii'M^t'^^ C tN^ir^ implies t^^t' e L+. We 
write t' = It with r G We have ipt' = Lpt o ip^ and ij^t' = ^'t ° i^t by Proposi- 
tion [3^11 We have tNot^^ = UitziUitrNoT^^t^-^ with the Ui form a representative system 
JitNot-^ /trNoT-'^t-'^) oitNot-^ /trNoT-'^t-^. Writing = toi^^i we write dH]) under 
the form 

v<£J{No/tNoT-^) 

Using (l9|) and the lemma [33] this identity is equivalent to 

iptOTpt = ^ (pj o w o (^^ o f/v o o 

«GJ(iVo/rAfor-i) 

which follows from Lemma 13.21 As ijjt ° i^t = id, the orthogonality of the idempotents 
V o ip^. o o for V G J(Nq/tNqt~^) implies the orthogonality of the idempotents 
(ft o V o (p^. o o v^^ o xp^. 

The claim being proved, we get an A-linear map res : C°°(iVo, A) End^C-M) which is 
clearly P+-equivariant and respects the unit. It respects the product because, for /i,/2 G 
C°°{Nq, A), there exists t G L+ such that /i and /2 are constant on each coset utNot~^ C 
No. Hence res(/i/2) = 'EveJ{No/tNot-^) hi^)Mv)i-cs{^vt.No) = res(/i) o res(/2). □ 

The group P = NL acts on Endyi(A/^) by conjugation. We have the canonical injective 
algebra map 

(20) F (TooFocvo : End^ A/ End^(M^) . 
It is P_(_-equivariant since, by the lemma 13.141 for b G P+, we have 

(21) b o (Jq o F o cvq ob^^ — ao o ipij o F o ipfj o evg . 
We consider the composite P-|_-equivariant algebra homomorphism 

C°°(iVo,A) ^21^ EndA(M) — > EndA(M^) . 

sending Ino to Rq := (Tq o cvq and, more generally, lf,.jVo to 6 o i?Q o b^^ for b G P+. 

For / G M^, i?o(/) G vanishes on iV - A^o and i?o(/)(s'') = '^''(./(l))- In the 
iV-model, Rq is the restriction to Nq. 

Wc show now that the composite morphism extends to C^{N, A). 

Proposition 3.17. There exists a unique P-equivariant A-linear map 

Res : C^{N,A) EndA(A/^) 
such that Kes{l]\[g) = Rq. The map Res is an algebra homomorphism. 

Proof. If the map Res exists, it is unique because the A[P]-modulc C°°{N, A) is generated 

by Ino- 

For 6 G P wc define 

Res(lt.7Vo) := boRoob^^ . 
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We prove that b o Rq o b^^ depends only on the subset b.No C N, and that for any finite 
disjoint decomposition of b.No ~ ^ieibi.Na with bt G P, the idenipotents biO Rq o b^^ are 
orthogonal of sum b o Rq o b^^ . 

The equivalence relation b.NQ = b' .Nq for b,b' E P is equivalent to b'PQ = bPQ because 
the normalizer or of A^o in P is Pq- Wc have b o Rq o b~^ = Rq when b £ Pq because 
res(lf,.jVo) — rcs(l7Vo) = id (proposition l3.16p . Hence boRQob~^ depends only on b.NQ. By 
conjugation by b^^ , we reduce to prove that the idempotents bi o Rq o b^^ are orthogonal 
of sum Rq for any disjoint decomposition of A^o = '^iei^i-^a ^^.d bi G P. The bi belong 
to P+, and the proposition 13.161 implies the equality. 

To prove that the A-linear map Res respects the product it suffices to check that, 
for any t £ L+,k G N, the endomorphisms Res(l„(7Vot-i) G Endy!i(M^) are orthogonal 
idempotents, for v G J{N-k/tNQt~^). We already proved this for fc = and for all t G L+, 
and s''J{N-k/tNQt-^)s-'' = JiNQ/s'^iNQt^^s^''). Hence we know that 

are orthogonal idempotents. This implies that (Res(l,„tjVot"0)t)eJ(-/v_fc/t7Vot^^) orthog- 
onal idempotents. □ 

Remark 3.18. (i) The map Res is the restriction of an algebra homomorphism 

C°°(iV,A) ^ EndA(M^) , 

where C'°°{N, A) is the algebra of all locally constant functions on N. For this we 
observe 

1. The A[P^]-module C°°{Nq, A) is Stale. Fort G the corresponding ipt satis- 
fies {iPtf){x) = /(tet-i). 

2. The map (/, m) i— > res(/)(m) : C°"{Nq, A) x M ^ M is -tpt-equivariant, hence 
induces to a pairing C°°{Nq, A)^ x . 

3. The A[P]-module C°°{Nq,A)^ is canonically isomorphic to C°°{N,A). 

(a) The monoid P+ x P^ acts on Endyii(Af) by </'(hi,62)-^ '/'bi °-P"°'0b2- ^'^''^ action 
EndA(M) is an etale A[Pj^ x P^\-module, and we have il'(bi,b2)P — V'bi ° F o (pf,^. 

Definition 3.19. For any compact open subsets V G U G Nq and m G M , we denote 

vesu := res(lt/) , Mu := Tesu{M) , mu := TCSu{m) , resy := resy \mu ■ Mu My . 
For any compact open subsets V C U C N and f G AI^ 

Resu ■■= Res(la) , Mu := Resu{M^) , fu Rcsuif) , Rcs^ := Resy |m„ : Mu My. 

Remark 3.20. The notations are coherent for U C Nq, as follows from the following 
properties. For b G P-f we have 

- resb.u ~ rcsy f proposition 13.16] ) ; 

- 6 o Res£/ = o-Q o (^f, o res(7 o cvq and Res[/ o6^^ = ctq o res^/ 0-0^ o evo ; 

- (Resa/)(1) = rest/(/(l)) . 

Wc note also that the proposition 13. 171 implies: 

Corollary 3.21. For any compact open subset U <Z N equal to a finite disjoint union 
U = Uii^iUi of compact open subsets Ui C N, the idempotents Resy. are orthogonal of 
sum Resjy. 

Corollary 3.22. For u G N, the projector ReSijAr^ is the restriction to Nqu~^ in the 
N -model. 
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Proof. We have ReSuAr,-, = u o ResAr„ ou ^ and ResAr,-, is the restriction to A'o in the A^- 
model. Hence for x G N, (Res„7Vo f){x) = (Rcsatq f){xu) vanishes for x £ N — Nqu^^ 
and for v e No, (Res„jVo f){vu-^) = {u-^f){v) = f{vu-^). □ 

The constructions are functoriaL A morphism f : M ^ M' of A [P+]- module, being 
also A [P_]-equi variant induces a morphism Indp_ (/) : — > M'^ of A[P]-modules. On 
the other hand, is a module over the non unital ring C^{N, A) through the map Res. 
The morphism Indp_ (/) is C^(A^, A)-equivariant. Since Res is P-equivariant , it suffices 
to prove that Indp_ (/) respects Rq = ao o cvq which is obvious. 

3.5 P-equivariant sheaf on N 

We formulate now the proposition 13. 171 in the language of sheaves. 

Theorem 3.23. One can associate to an etale A[P-^.]-module M, a P-equivariant sheaf 
Sm of A-modules on the compact open subsets U C N , with 

- sections Mjj on U , 

- restrictions Resy for any open compact subset V C U , 

- action f bf = ReSb.u{bf) : Mu Mb.uofbeP. 

Proof, a) Iics^ is the identity on Mu = Kesij{M) because Kcsu is an idempotent. 

b) Res{;;^oRcsy = ResJ^ for compact open subsets W C V C U C N . Write V as 
the disjoint union of W and of a compact open subset W' C V, and use that Resvi/ and 
ResvK' are orthogonal idempotents in End^(M^). 

c) If U is the union of compact open subsets Ui C U ioi i G /, and fi € Mjji 
satisfying 'Res\J,^^,(fi) ~ Res^',^jj,{fj) for i,j € /, there exists a unique / e A% such 

that Rcs^^ (/) = /, for all i e I. 

cl) True when {Ui)i^i is a partition of U because / is finite and ReSfj is the sum of 
the orthogonal idempotents Rcsfy^ . 

c2) True when / is finite because the finite covering defines a finite partition of U by 
open compact subsets Vj for j G J, such that Vj fl Ui is empty or equal to Vj for all 
i G I,j £ J . By hypothesis on the fi, if Vj C Ui, then the restriction of fi to Vj docs not 
depend on the choice of i, and is denoted by (j>j. Applying cl), there is a unique / e Mjj 
such that Resy^ (/) = (j>j for all j G J. Note also that the Vj contained in Ui form a finite 
partition of Ui and that fi is the unique element of Mjj. such that Rosy (fi) = (f>j for 
those j. We deduce that / is the unique element of Mjj such that Resjy. (/) = fi for all 
iGl. 

c3) In general, U being compact, there exists a finite subset /' C / such that U is 
covered by Ui for i G I' . By c2), there exists a unique //< G Mjj such that fi = ReS[/^. (///) 
for all i G I' . Let i' G I not belonging to /'. Then the non empty intersections Ui' fl Uj 
for j G I' form a finite covering of Ui' by compact open subsets. By c2), fi' is the unique 
element of Mu., such that Kcsu-,nUj (fj) = ^csu.,nUj {fi') for all non empty Ui' n Uj. The 
element Resfy^, (/) has the same property, we deduce by uniqueness that fi' = Hesu., (/). 

d) Let / G Mu. When b = 1 we have clearly 1(/) = /. For b,b' G P, we have 
{bb'){f) = Resfftft/) (7((55')/) = ReSfc. ({,'.[/) (5(5'/)) = b[b' f). For a compact open subset 
V GU ,we have b o Resy o Kcsu — Resf,y ob o Rcs^r in End^i M^ hence b Resy = Res^.y b. 

□ 

Proposition 3.24. Let H be a topological group acting continuously on a locally compact 
totally disconnected space X. Any H-equivariant sheaf J- (of A-modules) on the compact 
open subsets of X extends uniquely to a H-equivariant sheaf on the open subsets of X . 

Proof. This is well known. See [4] §9.2.3 Prop. 1. 

□ 
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Remark 3.25. The space of sections on an open subset U C X is the projective limit of 
the sections J^{V) on the compact open subsets VofU for the restriction maps T{V) — ?> 
T(y') for V C V. 

By this general result, the P-equivariant sheaf defined by M on the compact open 
subsets of N (theorem l3.23p . extends uniquely to a P-equivariant sheaf Sm on (arbitrary 
open subsets of) N. We extend the definitions 13.191 to arbitrary open subsets U C N. 
We denote by Resy the restriction maps for open subsets V C U of A^, by Resj/ — Kes^ 
and by A% = RcS[/(A/^). In this way wc obtain an exact functor M — > {Mij)u from 
M.a{P+Y^ to the category of P-equivariant sheaves of A-modules on N . Note that for a 
compact open subset U even the functor M — > Mij is exact. 

Proposition 3.26. The representation of P on the global sections of the sheaf Sm is 
canonically isomorphic to . 

Proof. Wc have the obvious P-equivariant homomorphism 

MP ^^^^ Mn = limA% . 

u 

The group N is the union of s^'^.Nq = s^'^Nqs'^ for /c G N. Hence Mn — l^m ^^ Mn_,, - In 
the s-model of M^ we have Res^-fc jVj, = R-k and by the lemma [^751 the morphism 

(Res,-..w„(/))fe6N : M^ Mn 

is bijective. □ 

Corollary 3.27. The restriction Res^ : Mn — > Mjj from the global sections to the 
sections on an open compact subset U <Z N is surjective with a natural splitting. 

Proof. It corresponds to an idempotent Resjj = Res(lc/) G Endyi(A/^). □ 



3.6 Independence of A'^o 

Let U C N he a. compact open subgroup. For n £ N and t E L, the inclusion ntUt^^ C U 
is obviously equivalent to n € U and tUt^^ C U. Hence the P-stabilizer Pjj := {b G 
P I b.U C J7} of J7 is the semi-direct product of U by the L-stabilizer where Ljj of U. As 
the decreasing sequence {Nk = s''Nos^'^)k£N form a basis of neighborhoods of 1 in and 
N = Urgz-^-r, the compact open subgroup U d N contains some Nk and is contained in 
some N-r- This implies that the intersection L{j n s'*^ is not empty hence is equal to 
where sjj = s''^' for some ku > 1. The monoid Pjj ~ ULjj and the central element sjj of 
L satisfy the same conditions as (P-|_ = NqL-i-,s), given at the beginning of the section 
13.21 Our theory associates to each ctale A[Ptr]-module a P-equivariant sheaf on A^. 

The subspace Mjj C M^ (definition [XH]) is stable by Pu because 6oReS(7 = Resh.fy ob 
for 6 G P and Mb.u = RcSb.u{M) C Resc/(M) = Mu. As Mu = ®ueJiu/t.u)uMt.u for 
t G Lif the A[P;7]-module Mu is etale. 

Proposition 3.28. The P-equivariant sheaf Sm on N associated to the etale j4[P_4.]- 
module M is equal to the P-equivariant sheaf on N associated to the etale A[Pij]-module 
Mu. 

Proof. For b G Pu we denote by (pu.b the action of b on Mu and by il)u,b the left inverse 
of ipu,b with kernel Mu-b.u- We have Mu = M^.u © Mu-b.u and for fu S Mu, 

(22) ipu,b{fu) = bfu , ipuAfu) = b"^ Rcsh^ui fu) : i'Pu,b°ipu,b){fu) = ^cst.uifu) ■ 



25 



By the last formula and the remark r3.20[ the sections on b.U and the restriction maps 
from AIjj to Mb.u in the two sheaves are the same for any b g Pjj- This implies that 
the two sheaves are equal on (the open subsets of) U . By symmetry they are also equal 
on (the open subsets of) iVo. The same arguments for arbitrary compact open subgroups 
U,U' C N imply that the P-cquivariant sheaves on N associated to the etale A[Pij]- 
module Mjj and to the etale y4[P[/']-module Mjj' are equal on (the open subsets of) U 
and on (the open subsets of) [/'. Hence all these sheaves are equal on (the open subsets 
of) the compact open subsets of TV and also on (the open subsets of) N. □ 



3.7 Etale y4[P+]-module and P-equivariant sheaf on 

Proposition 3.29. Let M be an A[P^]-module such that the action if of s on M is etale. 

Then M is an etale A[P-i-]-module. 

Proof. Let t G L+. We have to show that the action ipt of t on AI is etale. As L ~ 
L^s^^ with s is central in L, there exists k £ N such that s'^t^^ e L_|_. This implies 
tp'' = (Pskt-i o in EndA(M) and s'^iVos"'' C tNot~-^. As (p is injective, cpt is also 
injective. For any representative system J{tNot^^ /s'^Nqs^'^) of tNot^^ /s'^Nqs^'' and any 
representative system J{No/tNot~^) of No/tNot~^ , the set of uv for u G J{No/tNot^^) 
and V e J{tNot~^/s''Nos~'') is a representative system J{No/s'^Nos~'') of Nq/s'^Nqs^'^ . 
Let be the canonical left inverse of p. We have 

id = u o V o Lp^ O ij)"^ o o 

ue.J{Na/tNat-'^) vGJ(tNot-^ / s'' Nos-'') 



ueJ{No/tNot-^) veJ{tNot-^/s''Nos-'') 



= y ^ U O (^t O ( V O (Pf-lgk o tp O V ^) o u ^ . 

u^J{No/tNot-^) v£j{No/t-^si'Nos-''t) 

We deduce that ipt is etale of canonical left inverse tpt the expression between parentheses. 

□ 

Corollary 3.30. An A[P-^]-submodule M' C M of an etale A[P+]-module M is etale if 
and only if it is stable by the canonical inverse ip of p. 

Proof. If M' is -i/j-stable, for to' g M' every m'^ ^ belongs to M' in pT|) . Hence the action 
of s on M' is etale, and AI' is etale by Proposition 13.291 □ 

Corollary 3.31. The space S{No) of global sections of a P^-equivariant sheaf S on Nq 
is an etale representation of P-^-, when the action p of s on S{Nq) is injective. 

Proof. By proposition 13.291 it suffices to show that S{No) = (BuGJ{No/sNas-^}''^s{S{No)). 
But this equality is true because No is the disjoint sum of the open subsets usNqs^^ = 
Ms.A^o and 5(us.iVo) = Ms(5(7Vo)). □ 

The canonical left inverse tp of the action (y9 of s on S{Nq) vanishes on S{usNos~^) 
for u ^ 1 and on S{sNos~^) is equal to the isomorphism S{sNos~^) S{No) induced by 

s-\ 

Theorem 3.32. The functor AI h- !■ Sm is an equivalence of categories from the abelian 
category of etale A[P-^]-modules to the abelian category of P-equivariant sheaves of A- 
modules on N, of inverse the functor S i— )- S{Nq) of sections over Nq. 
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Proof. Let 5 be a P-equivariant sheaf on N. By the coroharv I3.31[ the space S{No) of 
sections on A^o is an etale representation of P+ because the action Lp oi s on S{No) is 
injective. 

Wc show now that the representation of P on the space S{N)c of compact sections on N 
depends uniquely of the representation of P+ on S{No). The representation of N on S{N)c 
is defined by the representation of A^o on S{No), because S{N)c = (Bu£J{n/No)S{uNo) and 
S{uNq) ~ uS{Nq) for u ^ N. The group P is generated by N and L^. For t e L^, the 
action of t on S{N)c is defined by the action of N on S{N)c and by the action of t on 
S{No), because tS{uNo) = tut-'^tS{No) with tut-'^ e N for u€ N. 

We deduce that the ^[P]-module S{N)c is equal to the compact induced representation 
S{No)^ , and that the sheaves S and Sgi^j^i^-^ are equal. 

Conversely, let M be an etale A[P-f ]-module. The A[P-f ]-module Sm{No) of sections 
on A^o of the sheaf Sm is equal to M (Theorem 13. 23p . 

□ 

4 Topology 

4.1 Topologically etale y4[P+]-module 

We add to the hypothesis of the section 13.21 that 

a) A is a Unearly topological commutative ring (the open ideals form a basis of neigh- 
borhoods ofO). 

b) M is a linearly topological A-module (the open A-submodules form a basis of 
neighborhoods ofO), with a continuous action of P+ 

P+ X AI ^ M 
(b,x) i-^ (fibix) . 

We call such an M a continuous A[P^]-module. If M is also etale in the algebraic sense 
[definition [W\) and the maps tpt, for t G are continuous we call M a topologically 
Stale A[P^]-module. 

Lemma 4.1. Let M be a continuous A[P^]-module which is algebraically Stale, then: 

(i) The maps ipt for t € L_^. are open. 

(ii) If Tp = Tps is continuous then M is topologically etale. 

Proof, (i) The projection of M = Mq Mi onto the algebraic direct summand A/q (with 
the submodule topology) is open. Indeed let V C M be an open subset, then MoC\(V+Mi) 
is open in Mq and is equal to the projection of V . We apply this to M = (pt{M) © Keri/'t 
and to the projection ft o i/jf. Then we note that ^tiV) = Vt'^ii'Pt ° '4't){y))- 

(ii) Given any t G we find t' G i+ and n G N such that t't = s". Hence 
ipt't = '4't ° 'ipt' = ^" is continuous by assumption. As ipt' is surjectivc and open, for any 
open subset V C M we have ^^^(V) = ^t'{{ipt ° i^t')~^iV)) which is open. □ 

Lemma 4.2. (i) A compact algebraically etale A[P^]-module is topologically Stale. 

(ii) Let M be a topologically Stale A[P^]-module. The P--action (6~^,m) i— > ipi,{m^) '■ 
P_ X M M on M is continuous. 

Proof, (i) The compactness of AI implies that 

M = Lpt{M)® uipt{M) 

u£{Na-tNot-^) 

is a topological decomposition of M as the direct sum of finitely many closed submod- 
ules. It suffices to check that the restriction of ipt to each summand is continuous. On all 



27 



summands except the first one ipt is zero. By compactness of AI the map tpt is a home- 
omorplrism between M and the closed submodule tpt{M). We see that tpt\(pt{M) is the 
inverse of this Iromeomorphism and hence is continuous. 

(ii) Since Pq is open in _P_ = L^^Pq we only need to show that the restriction of 
the P_-action to <"^Po x M ^ M, for any t G is continuous. We contemplate the 
commutative diagram 

t-^Po X M 



t- X id 



■<Pt 



Po X M *- M 

where the horizontal arrows are given by the P_-action. The Pg-a-ction on AI induced 
by P_ coincides with the one induced by the P^^-action. Therefore the bottom horizontal 
arrow is continuous. The left vertical arrow is trivially continuous, and tpt is continuous 
by assumption. □ 

Lemma 4.3. For any compact subgroup C C P+ , the open C -stable A-submodules of AI 
form a basis of neighborhoods ofO. 

Proof. Wc have to show that any open ^-submodule Ai of M contains an open C-stablc 
A-submodule. By continuity of the action of P+ on AI, there exists for each c G C, an open 
A-submodule Aic of M and an open neighborhood He C P+ of c such that (px{.Mc) C Ai 
for all X G He- By the compactness of C, there exists a finite subset I C C such that 
C = Dcei{Hc n C). By finiteness of /, the intersection M" := Cicei^c C AI is an open 
A-submodule such that M' := J2cec ^c{M") C M. The A-submodule M' is C-stable 
and, since M" C M' C M, also open. □ 

Let M be a topologically etale A[P+]-module. Since Pq is open in P the A-module 
AI^ is a submodule of the A-module C(P, AI) of all continuous maps from P to AI. We 
equip C(P, AI) with the compact-open topology which makes it a linear-topological A- 
module. A basis of neighborhoods of zero is given by the submodulcs C(C, A^) :— {/ G 
C(P, AI) |/(C) C Ai} with C and Ai running over all compact subsets in P and over all 
open submodulcs in M, respectively. With AI also C(P, AI) is HausdorfF. Evidently 
is characterized inside C{P,M) by closed conditions and hence is a closed submodule. 
Similarly, Ind^-P,(M) and Lid^^(A/) are closed submodulcs of C{s^,AI) and C{N,AI), 
respectively, for the compact-open topologies. Clearly the homomorphisms of restricting 
maps (proposition 13. 10| ) AI^ — > Ind*-w(M) and -> lnd%^{AI) are continuous. 

Lemma 4.4. The restriction maps AI^ — >■ Ind^-?i(M) and AI^ — > lTid%^{AI) are topo- 
logical isomorphisms. 

Proof. The topology on A/^ induced by the compact-open topology on the s-model 

z 

Ind^-N AI is the topology with basis of neighborhoods of zero 

Bk,M {/ e I /(s™) G M for ah - k < m < k} , 

for all fc G N and all open A-submodules Ai of AI. One can replace Bk.M by 

Ck.M ■■= {/ e ^/"^ I fis") G AI} , 

because Bk.M C Ck.M smd conversely given {k,Ai) there exists an open A-submodule 
Ai' C Ai such that 4'"^{A4') C Ai for all < 771 < 2A: as ■0 is continuous (lemma . 
hence Cfc,A4' C Bk^M ■ 
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The topology on induced by the compact-open topology on the iV-model Indj^^^ M 
is the topology with basis of neighborhoods of zero 

DkM ■■= {/ e MP I f{N_k) c M} , 

for all {k,A4) as above. 

We fix an auxiliary compact open subgroup Pq <Z Pq. It then suffices, by Lemma 14.31 
to let Ai run. in the above families, over the open j4[Po]-submodules Ai of AI. 

Let C C P be any compact subset and let Ai be an open A[PQ]-submodule of M. We 
choose S N large enough so that Cs"*^ C P-. Since Cs"*"' is compact and Pq is an open 
subgroup of P we find finitely many 61, . . . , &m G P+ such that Cs"*-' C 5j^^PqU. . .U6~^Pg. 
The continuity of the maps ipbi implies the existence of an open ^[PpJ-submodule Ai' of 
M such that ipbi{Ai') C A4 for any 1 <i <m. We deduce that 

CkM' cC{\Jb^'py,M) CC{C,A4) . 

i 

Furthermore, by the continuity of the action of P+ on il/, there exists an open submodule 
Ad" such that ^y^j(^Ma/Nk)^"^'' ^ ■ ^^'^ second part of the formula (fT5l) then 
implies that 

Dk,M" C Ck,M ■ 

□ 

The maps cvq : AI and ao : AI —5- are continuous (section [3. 3p . We denote 

by End2'"*(Af) C End^(Af) and i;™"* C E := EndA(M^) the subalgebra of continuous 
endomorphisms. We have the canonical injective algebra map ()20p 

/K^croo/oevo : End3'"*(M) ^ S™"* . 

Proposition 4.5. Let AI be a topologically etale A[P+]-module. 

(i) If AI is complete, resp. compact, the A-module AI^ is complete, resp. compact. 

(ii) The natural map P x AI^ — > AI^ is continuous. 

(Hi) Res(/) G for each f G C^{N,A) (proposition \3J7\ ) . 

Proof (i) If M is complete, by [3] TG X.9 Cor. 3 and TG X.25 Th. 2, the compact-open 
topology on C(P, M) is complete because P is locally compact. Hence, as a closed 
submodule is complete as well. 

If AI is compact, the s-model of AI^ is compact as a closed subset of the compact 
space AI^. Hence by Lemma [4.41 is compact. 

(ii) It suffices to show that the right translation action of P on C(P, M) is continuous. 
This is well known: the map in question is the composite of the following three continuous 
maps 

P X C(P, M) — > P X C{P X P, AI) 
{b,f)^{b, (x,y)^f{yx)) , 



P X C(P X P, AI) — > P x C{P, C{P, AI)) 

ib,F)^ib,x^[y^ Fix,y)]) , 

and 

P X C(P, C(P, AI)) C{P, AI) 
(fe,$)^cO(6) , 

where the continuity of the latter relies on the fact that P is locally compact. 

(iii) It suffices to consider functions of the form / = Ib.TVo for some b £ P. But then 
Res(/) = 6 o (To ° cvq ob~^ is the composite of continuous endomorphisms. □ 
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4.2 Integration on N with value in End^°"*(M^) 
We suppose that M is a complete topologically etale A[P^]-modiilc. 

We denote by iJ^""* the ring of continuous ^-endomorphisnis of the complete A-module 
with the topology defined by the right ideals 

El°"* := HoinX"*(A/^,/:) 
for all open A-submodules C C . 
Lemma 4.6. iJ'^""* is a complete topological ring. 

Proof. It is clear that the maps {x,y) a; — y and {x,y) x o y from E'^"^'-* x E'^°'^* to 
j^cont g^j^g continuous, i.e. that is a topological ring. The composite of the natural 

morphisms 

-> 1^£:™"V£;2°"* ^ l^iHom7'*(M^, Af^/£) 
c c 

is an isomorphism (the natural map — >■ lim^ /C is an isomorphism), hence the two 
morphisms are isomorphisms since the kernel of the map E'^°^^ Hom™"*(M^, / C) 
is -B^""*. We deduce that is complete. □ 

Definition 4.7. An A-linear map C^{N,A) jrjcont called a measure on N with 
values in E'^°"'^ . 

The map Res is a measure on N with values in (proposition 14. 5p . 

Let Cc{N, be the space of compactly supported continuous maps from N to 

j^cont ^ One can "integrate" a function in Cc{N, E'^"'"-'^) with respect to a measure on N 
with values in E'^°^*. 

Proposition 4.8. There is a natural bilinear map 

Cc(iV,-B™"*) X HomA(Cj"(7V,A),£;'=°"*) E"'"'* 

(/,A) ^ [ .fdX. 

Proof, a) Every compact subset of N is contained in a compact open subset. It follows 
that Cc{N,E'^°'^^) is the union of its subspaces C(?7, i?'^""*) of functions with support 
contained in J7, for all compact open subsets U C N. 

b) For any open ^-submodule C of Af^, a function in C(C/, £;'=°"7£;^°"*) is locally 
constant because Econt j -gcpnt discrete. An upper index oo means that we consider 
locally constant functions hence 

c{u,E'"''"yEi'"'*) = c°°(;7,£;™"7£;2°"*) = c°°(c/,^)®a£^™"V-B£"* • 

There is a natural linear pairing 

{C°°{U, A) (g)A X HomA(C°°(C/, A), £;'=°"*) ^ £;cont/£.cont 

(/®x,A) ^ xA(/) . 

Note that E"'"^* / El"""* is a right £;'=°"*-module. 

e) Let / e Cc(A^, S™"*) and let A e KoiJiAiC^ [N , A), S™"*). Let C/ C iV be an open 
compact subset containing the support of /. For any open A-submodule L of let 
fc e Cf'(C/,£;™"7£;^°"*) be the map induced by /. Let 



[ fcdX e £:™"7£; 

Ju 



cont I j^cont 
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be the image of {fc, A) by the natural pairing of b). The elements Jjj fc dX combine in 
the projective limit £"=°"* = ]^ ^ E'=°"* / E^""* to give an element Jjj f dX e S™"*. One 
checks easily that J^j f dX docs not depend on the choice of U. We define 



fdX := I fdX 

N 



□ 



We recall that J{N/V) is a system of representatives of N/V when y C iV is a compact 
open subgroup. 

Corollary 4.9. Let f G CdN, £"=0"*) and let X be a measure on N with values in E'^""*. 
Then 



hin Yl f(^)HUv) = f fdX 



v£j(N/V) 

limit on compact open subgroups V G N shrinking to {1}. 

Proof. Wc choose an open compact subset U C N containing the support of /. Let L be 
an open o-submodulc of AI^ and a compact open subgroup V C N such that uV C U 
and fc (proof of the proposition 14. 8p is constant on uV for all u ^ U. Then Jjj fc dX is 
the image of 

veJ{N/v) 

by the quotient map i;™"* e""""^ / E^°"K □ 

Lemma 4.10. Let f G Cc{N, E'^°"*) be a continuous map with support in the compact 
open subset U C N, let X be a measure on N with values in E'^""*', and let C C be 
any open A-submodule. There is a compact open subgroup Vc C N such that UVc ~ U 
and 

' ifluv - f{u))dX e El 



IN 

for any open subgroup V d Vc and any u E U . 

Proof. The integral in question is the limit (with respect to open subgroups V' C V) of 
the net 

E (/(H-/(^))A(W') ■ 
vej{v/v') 

Since is a right ideal it therefore suffices to find a compact open subgroup Vc C N 

such that UVc = U and 

f{uv) - f{u) G for any u G [/ and v G Vc- 

We certainly find a compact open subgroup V C N such that UV ~ U . The map 

[/ X y ^ s™"* 

(u,w) 1-^ f{uv) - f{u) 

is continuous and maps any (u, 1) to zero. Hence, for any u G U, there is an open neigh- 
borhood Uu gU oi u and a compact open subgroup V^ G V such that U^ x V^ is mapped 
to Since U is compact wc have U = U^i U . . . U U^,. for finitely many appropriate 

Ui G U. The compact open subgroup Vc V^ n . . . H Vu, then is such that U x Vc is 
mapped to S™"*. □ 
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Let C(-/V, be the space of continuous functions from N to iJ'^""*. For any contin- 

uous function / G C(-/V, E'™"*), for any compact open subset U C N and for any measure 
A on with values in E'^""-* we denote 

f dX := f f lu dX 

U JN 

where ![/ G C°°{U, A) is the characteristic function of U hence flu G Cc{N, £"=0"*) is the 
restriction of / to C/. The "integral of / on U" (with respect to the measure A) is equal 
to the "integral of the restriction of / to 17" . 

Remark 4.11. For f G Cc{N, E'=°''^) and G C^{N,A) we have 

/ fcjydKes = / 0/o?Res = / /dRes o Res((/)) . 
Jn Jn Jn 

Proof. This is immediate from the construction of the integral and the multiplicativity of 
Res. □ 



5 G-equivariant sheaf on G/P 



Let G be a locally proRnite group containing P ~ N x L as a closed subgroup satisfying 
the assumptions of section \3.2\ such that 

a) G/P is compact. 

b) There is a subset W in the G-normalizer Ng{L) of L such that 

- the image ofW in Ng{L)/L is a subgroup, 

- G is the disjoint union of PwP for w G W. 

We note that PwP = NwP = PwN. 

c) There exists wq € W such that NwqP is an open dense subset of G. We call 

C NwqP/P 

the open cell of G/P. 

d) The map {n, b) 1— > nwab from N x P onto NwqP is a homeomorphism. 

Remark 5.1. These conditions imply that 

G ^ PPP = C{wo)C{wo^) 
where P := wqPwq^ and C{g) = PgP for g G G. 

Proof. The intersection of the two dense open subsets gC and C in G/P is open and not 
empty, for any g £ G. □ 

The group G acts continuously on the topological space G/P, 

G X G/P G/P 
ig,xP/P) ^ gxP/P . 

For n,x € N and t G L we have ntxw^P/P = ntxt~^WoP/ P = {nt.x)woP/ P hence the 
action of P on the open cell corresponds to the action of P on introduced before the 
proposition 13.171 

When M is an etale A[P+]-module, this allows us to systematically view the map Res 
in the following as a P-equivariant homomorphism of A-algebras 

Res :G^{C, A) End^(M^) 
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and the corresponding slicaf (theorem I3.23P as a sheaf on C. Our purpose is to show 
that this sheaf extends naturaUy to a G-equivariant sheaf on G/P for certain ctale A[P+]- 
modules. When M is a complete topologically A[P+]-module we note that also integration 
with respect to the measure Res fproposition l4.8p will be viewed in the following as a map 

f ^ _/^/ '^I^es 

on the space C c{C , E'^°'^*) of compactly supported continuous maps from C to 



5.1 Topological G-space G/P and the map a 

Definition 5.2. An open subset U of G/P is called standard if there is a g £ G such that 
gU is contained in the open cell C . 

The inclusion glA C NwqP/P is equivalent to U ~ g^^Uw^P / P for a unique open 
subset U C N. An open subset of a standard open subset is standard. The translates by 
G of NqWqP/P form a basis of the topology of G/P. 

Proposition 5.3. A compact open subset lA C G/P is a disjoint union 

U=\Jg-'UwoP/P 
g&i 

where U C N is a compact open subgroup and I <Z G a finite subset. 

Proof. We first observe that any open covering of lA can be refined into a disjoint open 
covering. In our case, this implies that lA has a finite disjoint covering by standard compact 
open subsets. Let g^^Uw^P / P C G/P be a standard compact open subset. Then U = 
Uug (disjoint union) with a finite set I C U and y C is a compact open subgroup. 

Then g-'^UwoP/P = Uheih~^VwoP/ P (disjoint union) where I = uJ. □ 

For g G G and x in the non empty open subset g'^^C DC of G/P (remark [OJ , there 
is a unique element a{g, x) G P such that, if a; = uwqP/P with m G iV, then 

guwoN ~ a{g,x)uwoN . 

Wc give some properties of the map a. 

Lemma 5.4. Let g € G. Then 

(i) g~^C nC = C if and only if g G P. 

(a) The map a{g, .) : g^^C DC ^ P is continuous. 

(Hi) We have gx = a{g, x)x for x G g^^C fl C and we have a{b, x) ~ b for b £ P and 
x&C. 

Proof, (i) We have g^^C n C = C if and only if gNw^P C NwqP if and only if 5 G P. 
Indeed, the condition HPwqP C PwqP on /i G G depends only on PhP and for w G 
VF, the condition w PwqP C PwqP implies wwq G PwqP hence wwq G wqL by the 
hypothesis b) hence w £ L. 

(ii) Let Ng C N he such that NgWoP/P = g^^C DC. It suffices to show that the map 
u — a{g,uwoP)u : Ng — > P is continuous. This follows from the continuity of the maps 
u ^ guwoN : Ng PwqP/N = PwqN/N and bw^N b : PwqN/N P. 

(iii) Obvious. □ 
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Lemma 5.5. Let g,h E G and x E {gh)^^CC\h^^CC\C. Then hx ^ g^^C nC and we have 

a{gh, x) = a{g, hx)a{h, x) . 

Proof. The first part of tlie assertion is obvious. Let x = uwqP and hx = vwqP witfi 
u,v e N. We liave 

huwoN = a{h, x)uwqN., gyw^N — a{g, hx)vwoN, and a{gh, x)uwqN — ghuwoN . 

The first identity implies a(h,x)u = vb for some b € L. Multiplying the second identity 
by an appropriate b' € L we obtain gvbwoN = a(g,hx)vbwoN = a{g,hx)a{h,x)uwQN. 
Finally, by inserting the first identity into the right hand side of the third identity we get 

a{gh, x)uwoN = ga{h, x)uwqN = gvbwoN = a{g, hx)a{h, x)uwoN 

which is the assertion. □ 

It will be technically convenient later to work on N instead of C. For g S G let therefore 
Ng be the open subset of such that C D g^^C = NgWaP/P. We have Ng = N ii and 
only if g G P (lemma [5]4](i)). We have the homeomorphism u n> a-„ := uwoP/P : N ^ C 
and the continuous map (lemma 15.41 (u)] 

Ng^P 

u I — > a{g,Xu) 

such that 

^22^ ffw = a{g, Xu)un{g, u) for some n{g, u) e N := woNwg'^, 

a{g,Xu)u = n{g,u)t{g,u) for some n{g,u) £ N,t{g,u) £ L . 

Lemma 5.6. Fix g E G and let V C g^^C DC be any compact open subset. There exists 
a disjoint covering V ~ ViU . . .(j Vm by compact open subsets Vi and points Xi G Vi such 
that 

a{g,Xi)Vi C gV for any 1 < i < m. 

Proof. We denote the inverse of the homeomorphism u i-^ x^ : N ^ C by a; i— > u^.. The 
image G C P oi V under the continuous map x a(g,x)ux : — P is compact. As 
(lemma [5]4] (iii)) a{g, x)x = gx G gV for any x €V , under the continuous action of P on 
C, every element in the compact set C maps the point woP into gV . It follows that there 
is an open neighborhood Vb C C of waP such that CVb C gV . This means that 

a{g,x)uxVQ C gV for any x eV. 

Using the proposition 15.31 wc find, by appropriately shrinking Vq, a disjoint covering of V 
of the form V = uiVq U . . . U UmVo with Ui G N. We put Xi :— UiW^P. □ 

We denote by Gx {x E G \ xX C X} the G-stabilizer of a subset X C G/P and 

by 

G\:={geG\geGx , eGx} = {x e G \ xX = X} 

the subgroup of invertible elements of Gx ■ If Gx is open then its inverse monoid is open 
hence is open (and conversely). 

Lemma 5.7. The G-stabilizer Gu and Gj^ are open in G, for any compact open subset 
U c G/P. 
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Proof. By proposition 15.31 it suffices to consider the case where U = UwqP/P for some 
compact open subgroup U d N. As UwqP C G is an open subset containing wo there 
exists an open subgroup K C G such that Kwq C UwqP. The set U/{K n U) is finite 
because U is compact and {K n t/) C [/ is an open subgroup. The finite intersection 
K' := C\ueu/{ur\K) uKu^^ = C\ueu uKu~^ is an open subgroup of K which is normalized 
by U. But K'U = UK' implies that K'UwqP = UK'wqP C U{UwqP)P = UwqP, and 
hence that K' C Gu. We deduce that Gu is open. Hence Gjj is open. □ 

Remark 5.8. The G-stabilizer of the open cell C is the group P. 

Proof. Proof of lemma 15.41 (i) . □ 

For U a C the map 
(24) GuxU ^ P , {g,x) ^ a{g,x) 

is continuous because, lilA ~ UwqP/P with U open in A^, then the map {g, u) i— > guw^N : 
Gu X J7 ^ PwqP/N = PwqN/N is continuous (cf. the proof of the lemma [53] (ii)). 

5.2 Equivariant sheaves and modules over skew group rings 

Our construction of the sheaf on G/P will proceed through a module theoretic interpreta- 
tion of equivariant sheaves. The ring C^(C, A) has no unit element. But it has sufficiently 
many idcmpotcnts (the characteristic functions ly of the compact open subsets V G C). 
A (left) module Z over C^{C,A) is called nondegenerate if for any z € Z there is an 
idempotent e G C^{C,A) such that ez — z. 
It is well known that the functor 

sheaves of ^-modules on C nondegenerate C^(C, A)-modules 

which sends a sheaf S to the A-module of global sections with compact support Sc{C) := 
[JyS{V), with V running over all compact open subsets in C, is an equivalence of cat- 
egories. In fact, as we have discussed in the proof of the theorem 13.231 a quasi-inverse 
functor is given by sending the module Z to the sheaf whose sections on the compact 
open subset V C C arc equal to lyZ. 

In order to extend this equivalence to equivariant sheaves we note that the group P 
acts, by left translations, from the right on C^{C, A) which we write as (/, b) /''(.) := 
f{h.). This allows to introduce the skew group ring 

Ac CT{C,A)#P = ®fcep bC^{C,A) 

in which the multiplication is determined by the rule 

(6i/i)(fo2/2) = bib2f1'f2 for b, e P and /, G C^{C, A). 

It is easy to see that the above functor extends to an equivalence of categories 

P-equivariant sheaves of A-modules on C nondegenerate .Ac-modules. 

We have the completely analogous formalism for the G-space G/P. The only small 
difference is that, since G/P is assumed to be compact, the ring C°° {G / P, A) of locally 
constant A- valued functions on G/P is unital. The skew group ring 

Ag/p ■■= C^{G/P, A)#G = ©gee 9C^{G/P, A) 



35 



therefore is unital as well, and the equivalence of categories reads 

G-equivariant sheaves of ^-modules on G/P ^ unital .AG/p-modules. 

For any open subset U C G/P the A-algebra C^{U,A) of ^-valued locally constant 
and compactly supported functions on U is, by extending functions by zero, a subalgcbra 
of C^{G/P,A). It follows in particular that Ac is a subring of Aq/p- There is a for our 
purposes very important ring in between these two rings which is defined to be 

A:=AccG/p-^ ®geG gC^ {g~^C n C, A) . 

That A indeed is multiplicatively closed is immediate from the following observation. If 
supp(/) denotes the support of a function / £ C°°(G/P, A) then we have the formula 

(25) supp(/f /2) = g-^ supp(/i) n supp(/2) for .geG and A, € G°°(G/P, A). 

In particular, if f, e C^{gl^e n C, A) then 

supp(/f /2) c g2\gi^C n C) n {g^^C n C) c {gig2)-^C n C . 

We also have the A-submodule 

Z:=®g^G gCT{C,A) 

of Ag IP ■ Using ((25)) again one sees that Z actually is a left ideal in Aq / p which at the 
same time is a right ^-submodule. This means that we have the well defined functor 

nondegenerate ^-modules —5- unital Ac /p-modules 
Z ^ Z®j^Z . 

Remark 5.9. The functor of restricting G-equivariant sheaves on G/P to the open cell 
C is faithful and detects isomorphisms. 

Proof. Any sheaf homomorphism which is the zero map, resp. an isomorphism, on sections 
on any compact open subset of C has, by G-equi variance, the same property on any 
standard compact open subset and hence, by the proposition I5.3| on any compact open 
subset of G/P. □ 

Proposition 5.10. The above functor Z ^ Z Z is an equivalence of categories; a 
quasi-inverse functor is given by sending the Ac/p-module Y to UycC where V runs 
over all compact open subsets in C. 

Proof. We abbreviate the asserted candidate for the quasi-inverse functor by R{Y) 
Uycc ^vY . It immediately follows from the remark 15.91 that the functor i?, which in 
terms of sheaves is the functor of restriction, is faithful and detects isomorphisms. 

By a slight abuse of notation we identify in the following a function / G G°°(G/P, A) 
with the element 1/ G Aq/p, where 1 G G denotes the unit element. Let V C C he a. 
compact open subset. Then IvAq/p^v is a subring of Aq/p (with the unit element ly), 
which we compute as follows: 

IvAa/plv = E ^vgC^{V,A) = ^ 5 VivC°°(l/, A) 
see geo 

= ^.gG°°(5-Vny,^) . 

geG 

We note: 
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- li U CV C C are two compact open subsets then IvAq/p^v ^ ^uAg/p^u- 

- Let / e C^{g~^C n C, A) be supported on the compact open subset U C g~^C fl C. 
Then V := U U gU is compact open in C as well, and U C g~^V D V. This shows 
that C^ig-^CnC,A) = Uvcc (^""(g-^y n T^, A). 

We deduce that 

[J ly-^G/plv = ^ccG/p = A . 
vcc 

A completely analogous computation shows that 

lyZ = Iv^ . 
Given a nondegenerate ^-module Z the map 

lv{Z(g,AZ)^{lvZ)(E)AZ = {IvA)(SaZ IvZ 

lya Z = ly (g) lyaz H> lyflZ 

therefore is visibly an isomorphism of lyAc/ p^v-'^niodulcs. In the limit with respect to V 
we obtain a natural isomorphism of yl-modules 

R{Z ®aZ) ^ Z . 

On the other hand, for any unital ^g/p-module Y there is the obvious natural homomor- 
phism of ^G/p-modules 

Z^ARiY) Y 
a® z I— az . 

It is an isomorphism because applying the functor i?, which detects isomorphisms, to it 
gives the identity map. □ 

Remark 5.11. Let Z he a nondegenerate A-module. Viewed as an Ac-module it corre- 
sponds to a P-equivariant sheaf Z on C. On the other hand, the Ao/p-module Y := Z®aZ 
corresponds to a G-equivariant sheaf Y on G/ P. We have Y\C = Z , i. e., the sheaf Y 
extends the sheaf Z . 

We have now seen that the step of going from A to Aq/p is completely formal. On 
the other hand, for any topologically etale A[P+]-module M, the P-equivariance of Res 
together with the proposition |4?5l imply that Res extends to the ^-algebra homomorphism 

Res : Ac ^ End^°"*(M^) 

Y^bfb ^ ^feoRes(/fc) . 

bGP beP 

When A/ is compact it is relatively easy, as we will show in the next section, to further 
extend this map from Ac to A. This makes crucially use of the full topological module 
and not only its submodule of sections with compact support. When M is not 
compact this extension problem is much more subtle and requires more facts about the 
ring A. 

Wc introduce the compact open subset Co := NqWoP/P of C, and we consider the 
unital subrings 

Ao ■■= IcoAo/plco = .9C°°(5-iCo nCo,v4) 
see 

and 

Aco IcoAclco = 5]6C°°(6-iConCo,A) 

beP 
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of A and Ac, respectively. Obviously Acq C Aq with the same unit element Icq. Since 
g^^ConCa is nonempty if and only if g G NqPNo we in fact have 

Ao= .9C°°(.g-iConCo,A) . 

geNoPNo 

The map A[G] — > Aq/p sending g to glo/p is a unital ring homomorphism. Hence we 
may view Aq/p as an A[G]-module for the adjoint action 

G X Ag/p — > Ag/p 

{9,y) > — > {9^G/p)y{g'^G/pr^ ■ 

One checks that Ac Q A are ^[P]-submodules, that Aco ^ -^o are ^[P+J-submodules, 
and that the map Res : Ac — > j^cont jg ,^ homomorphism of A[P]-modules. 

Proposition 5.12. The homomorphism of A[P]-modules 

A[P] ®A[p+] Ao^A 

b®y\ — > {hlG/p)y{hlG/p)~^ 

is bijective; it restricts to an isomorphism A[P] (8'a[p+] Aco ~^ Ac- 
Proof. Since P ~ s^^P-|_ the assertion amounts to the claim that 

A^ \Jis--lG/p)Aois'^lG/p) 

n>0 

and correspondingly for Ac- But we have 

is-'nG/p){gC°°{g~'ConCo,A))is'nG/p)^s'^'gs''C^iis-^'g-h^)s-"Cons-"Co,A) 

for any n > and any g €z G. □ 

Suppose that we may extend the map Res : Aco — > End™"*(M-'^) to an 74[P_|.]- 
equivariant (unital) A-algebra homomorphism 

7^o --Ao ^EndA(Af^) . 

By the above proposition 15.121 it further extends uniquely to an A [P]-cqui variant map 
n-.A — > EndA(M^). 

Lemma 5.13. The map TZ is multiplicative. 

Proof. Using proposition l5.12l we have that two arbitrary elements y, z E A are of the form 
y = (s"™lG/p)yo(s"lG/p),z = (s""1g/p)2o(s"1g/p) with m,n e N and yo,zo e Ao- 
We can choose m = n. It follows that 

yz = (s-"lG/p)yo^o(s"lG/p) = (s-'"1g/p)xo(5"1g/p) 

with Xq := t/QZQ G .4o, and that 

TZiyz) = 7^((s-'"lG/p)xo(s-lG/p)) = .s"" o 7^o(xo) o 
= s-'»o7^o(yo)°7^o(zo)°s""'"°5"' 
= (s-" o 7^o(yo) o s") o (s-" o 7^o(2o) o s") 
= TZ(y) o TZ{z) . 

□ 
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Note that the images Res(^co) and TZo{Aq) necessarily he in the image of Endyi(Af) = 
EndA(R.es(lco)(M^)) by the natural embedding into Endyi(M^). This reduces us to 
search for an A[P+]-equivariant (unital) ^-algebra homomorphism 

TZq-.Ao — > EndA(M) 

which extends Res \Aco- In fact, since for g E NqPNo and / e C°°{g^^Co(^Co, A) we have 
gf = (.9lg-iConCo)(l/) with If G Aco it suffices to find the elements 

Hg = 7^o(glg-lco^co) e End^(A/) for g e NqPNo . 
Note that P+ = NoL+ is contained in NqPNo = NqLNNo. 

Proposition 5.14. We suppose given, for any g G NqPNq, an element Tig £ EndA(Af). 
Then the map 

TZq: Aq — > EndA(A/) 

Y. afg^ Hg orcs{ fg) 

geNgPNo g&NoPNo 

is an A[P^]-equivariant (unital) A-algebra homomorphism which extends Res |^co if and 
only if, for all g,h E NqPNq, b £ P D NqPNo, and all compact open subsets V C Co, the 
relations 

HI. res(lv) o'Hg='HgO res(lg-ivnCo) > 

H2. Hg o Uh = Ugh o res(l(gft)-iConft-iConCo) ; 

H3. = 6ores(lfc-iconco) • 

hold true. When HI is true, H2 can equivalently be replaced by 

'Hgo'Hh = Ugh o res(l,j-iConCo) • 
Proof. Necessity of the relations is easily checked. Vice versa, the first two relations imply 
that TZq is multiplicative. The third relation says that TZq extends Res |.Aco- 
The last sentence of the assertion derives from the fact that we have 

Hgh o res(l(g,j)-iConft-iConCo) = '^gh ° res(l(gft)-iConCo) ° res(l,i-iConCo) 

= Hg/i orcs(lft-iConCo) 

since Kgh ° res(l(g,j)-iConCo) = "^gh by the first relation. 
The P+-equivariance is equivalent to the identity 

^o((c1g/p).9/3(c1g/p)"^) = fcO 'R-Qigfg) ° 

where c G P+ and fg is any function in C°°{g~^Co DCq). By the definition of 72-0 and the 
P-f-equivariancc of res the left hand side is equal to 

^cgc-i °fcO res(/g) o 

whereas the right hand side is 

iPcoHgO res(/g) o -0c • 

Since V'c is surjective and res(/g) — res(lg-i(7j,nCg)ores(/g) we see that the P-f-cquivariance 
of TZq is equivalent to the identity 

"Hcgc-i "fco res(lg-iconco) = fco'HgO res{lg-ic„nc„) ■ 

But as a special case of the first relation we have Hg o rcs{lg-iConCo) — ^s- Hence the 
latter identity coincides with the relation 

^cgc-i °VcO res(lg-iconco) = fcoHg . 
This relation holds true because ipc = He and by the second relation Hcgc-^ °Hc = Hcg 
and He °Hg= Hcg o res(lg-iConCo)- ^ 
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5.3 Integrating a when M is compact 

Let M be a compact topologically etale A[P_|_]-module. Then is compact, hence the 
continuous action of P on (proposition induces a continuous map P — > 

We win construct an extension Res of Res to Ac(zg/p by integration. For any g G G, 
we consider the continuous map 

ag : g-^CnC P ^ . 

We introduce the ^-hnear maps 

p : A = AccG/p ^ Ce(C,i?^°"*) 

^9fg ^ ^3 fa ■ 



and 



see seG 



Res : A = AccG/p ^ 



a ^ J p{a)dRes . 



For b £ P the map is the constant map on C with value b (lemma 15.31 iii). It follows 
that 

Res I Ac = Res . 

is an extension as we want it. 

Theorem 5.15. Res is a homomorphism of A- algebras. 

Proof. Let g,h £ G and Vg and Vh compact open subsets in g^^C n C and h^^C n C, 
respectively. We have to show that 

R-es((5lvJ(/ilvJ) = Res(5lyJ o Res(/ilyJ 

holds true. This is equivalent to the identity 

/ aghlh-^v^nv^dRca ^ / aglv^dReso / ahly^dRes . 
Jc Jc Jc 

We first treat special cases of this identity. 

Case 1: We assume that 5=1 and that Vi = hVh- In this case we have to show that 



/ a^lvftdRes = Res(l/iy,J o / a/jly^rfRes 
Jc Jc 



holds true. The set of all disjoint coverings = Vi U . . . U Vm by compact open subsets 
Vi is partially ordered by refinement. Associating with this covering the element 

m 

a{h, Xi) o Res(lyJ , 

where the xi € Vi are arbitrarily chosen points, defines a net in iJ'^o"* which converges to 
ahlVhCiRes. By applying the lemma [5^ to each Vi we obtain a refinement of the given 
covering which satisfies the assertion of that lemma. In other words, by restricting to a 
certain cofinal set of coverings and choosing the Xi appropriately, we have a{h,Xi)Vi C 
hVh . But by the P-equivariance of Res we have 

m m 

Ya{h,Xi) oRes(lyJ = ^ Res(l„(?,_^.)yJ o a{h,Xi) . 

i=l i=l 
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Since lhVH^a{h.x,)v, = ^a{h.x,)v, we obtain 

m m 

^a{h,Xi) oRes{lv,) = ^ Res(l„(ft^^.)y.) o a(/i, x^) 

1=1 i=l 

m 

= Res{lhvJ °^'R'es{la{h,xi)Vi) oa{h,Xi) 

i=l 
rn 

= Rcs{lhvJ o'^a{h,Xi) oRes{lv,) ■ 
1=1 

As the multiplication in E'^°''^* is continuous our initial identity follows by passing to the 
limit. 

Case 2: We assume that g = 1 and that Vi = hV fo some compact open subset V C V/i . 
In this case we have to show that 

/ Q;/jlyc?Res = Res(l/iy) o / a/jlv^dRes . 
Jc Jc 

holds true. But, applying the first case to (h, V) and {h, Vh — V), we obtain 

Res(l/iv/) o / a/jly^dRes = Res(l/iy) o / a/ilydRes + Res(l/iy) o / ahlvh-vdRes 
Jc Jc Jc 

= / ahlvdRes + Res{lhv) °^es{lhVh-hv) ° / ahlv^-vdRes 
Jc Jc 



aiilydRca 



c 



Case 3: We assume that Vh C [gh) Cih DC and that Vg = hVh- In this case we 
have to show that 

/ aghlvhdRcs^ / aglhVhdRcso / ahlv,,dRes . 
Jc Jc Jc 

holds true. As before we consider the partially ordered set of disjoint coverings Vh = 
ViU . . .0 Vm by compact open subsets Vi , and we pick points Xi € Vi. The left hand side 
is the limit of the net 

m rn 

a{gh, Xi) o Res(lvJ = a{g, hxi) o a{h, Xi) o Res(ly; ) 

i=l 4=1 



where we have used the lemma [5T5] Using the continuity of the product in E^'""^ and the 
second case we see that the right hand side is the limit of the net 

m ^ m ^ 

a{g, hxi) oRcs{lhv ) ° / ah^Vhd^cs — y ^ a{g, hxi) o / a/ily dRcs . 
.=1 -^c Jc 

Hence we have to show that the net of differences 

'S^a{g,hxi) o / a/jly.dRes — q;(/i, Zi) o Res(lyJ) 
i=i -^c 

= a{g, hxi) o / (ahlvi - ah{xi))dRes 
Jc 



i=l 
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converges to zero. This means that, for any open ^-submodule L C we have to find 
a disjoint covering of Vh such that for all its refinements we have 

y^aig,hx^) o / {ahlv, - ah{x^))dRes e E"^""* . 
i=i -^c 

The image C (Z P oi under the continuous map x i— > a(.g, hx) is compact. Hence, by 
an argument completely analogous to the proof of the lemma I4.3[ the C-invariant open 
submodules of are cofinal among all open submodules. We therefore may assume that 
C is C-invariant. This reduces us further to finding a disjoint covering of Vh such that for 
all its refinements we have 

J^ic^hlv, - ahix,))dRcs 6 . 

This is a special case of the lemma 14.101 

We now combine these cases to obtain the asserted identity for general g,h,Vg, and 
Vh- First of all we note that h~^Vg nVh C {gh)^^C n h~^C n C. Hence the third case gives 
the first equality in the following computation; 

/ aghlh-WgnVh^RGS = / aglvgnhVhdRcso / a/J/j-iy^ny^dRes 
Jc Jc Jc 

= J aglv^nhVHdRcsoRcsilv^nhVh) ° J a/ilv^dRes 

= / Q!glvgC?Reso / Q;/jly^c?Res 
Jc " Jc 

The second, resp. third, equality uses the second case for the right factor, resp. the remark 
14.111 for the left factor, on the right hand side. □ 



5.4 G-equivariant sheaf on G/P 

Let M be a compact topologically etale A [P+] -module. We briefly survey our construction 
of a G-equivariant sheaf on G/P functorially associated with M. 

From the proposition 13 . 1 7l we have obtained an A-algebra homomorphism 

Res : C^{C,A)#P E""'^^ 

which gives rise to a P-equivariant sheaf on C as described in detail in the theorem 13.231 
In the theorem 15.151 we have seen that it extends to an A-algebra homomorphism 

This homomorphism defines on the global sections with compact support AI^ of the 
sheaf on C the structure of a nondegenerate ^^^g/p-module. The latter leads, by the 
proposition 15.101 to the unital C^{G/P, A)#G-module Z (g)^ which corresponds to 
a G-equivariant sheaf on G/P extending the earlier sheaf on C (remark I3.24p . We will 
denote the sections of this latter sheaf on an open subset 14 C G/P by M M U. The 
restriction maps in this sheaf, for open subsets V dlA C. G/P, will simply be written as 
Rcs?^ : MMU MMV. 

We observe that for a standard compact open subset U (ZG/P with g ^ G such that 
gU C C the action of the element g on the sheaf induces an isomorphism of A-modules 

— D 

MMU — > MMgU = Mgii- Being the image of a continuous projector on M (proposition 
14. 5p . Mgu is naturally a compact topological A- module. We use the above isomorphism 
to transport this topology to M MU. The result is independent of the choice of g since. 
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if gU = ItIA for some other h £ G, then hU C {gh ) C (IC and, by construction, the 
endomorphism gh~^ of M S hU is given by the continuous map Iics{gh^^lfiu)- 

A general compact open subset U C G/P is the disjoint union U ~ Uiii . . . iiUm of 
standard compact open subsets Ui (proposition 15. 3p . We equip M = M (B . . . (B 
M Kl Urn with the direct product topology. One easily verifies that this is independent of 
the choice of the covering. 

Finally, for an arbitrary open subset U C G/P we have MMU = ^im M Kl V, where V 
runs over all compact open subsets V CU, and we equip M MIA with the corresponding 
projective limit topology. 

It is straightforward to check that all restriction maps are continuous and that any 
g G G acts by continuous homomorphisms. We see that {AIMU)n is a G-equivariant sheaf 
of compact topological A-modules. 

Lemma 5.16. For any compact open subsetU C G/P the action GlfX{MMU) — s> MMU 
of the open subgroup G^ (lemma \5. 7\ ) on the sections on U is continuous. 

Proof. Using the proposition 15. 3[ it suffices to consider the case that U C C. Note that 
gIi acts by continuous automorphisms on M MU = Mu ■ By ([M)) the map 

^ ag{x) 

is continuous. Hence ([3] TG X.28 Th. 3) the corresponding map 

gI C{U,E''°"*) 

is continuous, where we always equip the module C{U, of £"^°"*-valued continuous 

maps on U with the compact-open topology. On the other hand it is easy to see that, for 
any measure A on C with values in _E;'=°"*^ the map 



[ .dX : G(^/,i;™"') ^ £;'=°"* 
Ju 

is continuous. It follows that the map 

gI S™"* 
g ^ Rcs{glu) 

is continuous. The direct decomposition = Mu © Mq-u gives a natural inclusion map 
End2'"*(M2^) i;™"* through which the above map factorizes. The resulting map 

Gl ^ Y.ndT\Mu) 

is continuous and coincides with the G^^-action on Mu ■ As Mu is compact this continuity 
implies the continuity of the action G\j x Mu — > Mu . □ 

The same construction can be done, starting from the compact topologically etale 
A[P(7]-module Mu, for any compact open subgroup U C N. 

Proposition 5.17. Let U C N be a compact open subgroup. The G-equivariant sheaves 
on G/P associated to {Nq,M) and to {U,Mij) are 



Proof. As the P-equivariant sheaves on the open cell associated to {Nq, M) and to ([/, Mu) 
are equal by the proposition 13 . 28l and as the function ag depends only on the open cell, 
our formal construction gives the same G-equivariant sheaf. □ 
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6 Integrating a when M is non compact 



Recall that we have chosen a certain element s E Z{L) such that L = L-s^ and {Nk — 
s^NQS~^)k£i is a decreasing sequence with union and trivial intersection. We now 
suppose in addition that {Nk '■= s'^wqNqWq^ s'')k£Z is a decreasing sequence with union 
N = woNwq^ and trivial intersection. 

We have chosen A and M in section 14.11 We suppose now in addition that M is a 
topologically etale A[P+]-module which is Hausdorff and complete. 

Definition 6.1. A special family of compact sets in M is a family € of compact subsets 
of M satisfying : 

£(1) Any compact subset of a compact set in £ also lies in £. 

£(2) // Ci, C2, . . . , C„ e £ then ULi Ci is in €, as well. 

£(3) For allC <e€. we have NqC G £. 

£(4) A/(£) := Ucec^ "'^ '^^'^^^ A[P+]-submodule of M . 

Note that M is the union of its compact subsets, and that the family of all compact 
subsets of M satisfies these four properties. 

Let £ be a special family of compact sets in M. A map from M(£) to M is called 
£-continuous if its restriction to any C S £ is continuous. We equip the A-module 
Hom^°"* (M(£),M) of £-continuous A- linear homomorphisms from Af(£) to M with the 
£-open topology. The A-submodules E{C,M) := {/ G Hom^°"*(M(£), M) : /(C) C M}, 
for any C G £ and any open A-submodule C M, form a fundamental system of open 
neighborhoods of zero in Hom^°"*(M(£), M). Indeed, this syste m is closed for finite inter- 
section by £(2). Since Nq is compact the E{C, Ai) for C such that NqC C C and an 
A[A^o]-submodule still form a fundamental system of open neighborhoods of zero. (Lemma 
ESI and £(3)). We have: 

- Hom^°"* (M(£),M) is a topological A-module. 

- Hom^°"* (M(£),M) is Hausdorff, since £ covers M{€) by £(4) and M is Hausdorff. 

- Hom$°"* (M(£),M) is complete (0] TG X.9 Cor.2). 

6.1 (s, res, C)-integrals 

We have the P+-cquivariant measure res : C°°{No,A) — > EndX"*(M) on iVo. If M 
is not compact then it is no longer possible to integrate any map in the j4-module 
C(iVo,End^°"*(A/)) of all continuous maps on Nq with values in End5i°"*(M) against 
this measure. This forces us to introduce a notion of integrability with respect to a special 
family of compact sets in M . 

Definition 6.2. A map F: Nq ^ Hom^°"*(Af (£), M) is called integrable with respect to 
(s, res, if the limit 

/ Fdres := lim > F(u) o res(l„Ar, ) , 
AT k^oo ^ 

where J(No/Nk) C iVo, for any k G N, is a set of representatives for the cosets in No/Nk, 
exists in Hom^°"*(Af(£), A'/) and is independent of the choice of the sets J{No/Nk). 

We suppress £ from the notation when £ is the family of all compact subsets of M. 

Note that we regard res(l„jVfc+i) sls an element in End2'"*(A/f(£)). This makes sense 
as the algebraically etale submodule Af (£) of the topologically etale module Af is topo- 
logically etale. 
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One easily sees that the set C™*(A'o, Honi^°"*(M(£), A/)) of integrable maps is an 
A-niodule. The A-hnear map 

/ .drcs : C"*(iVo, Hom$°"*(A/(e:), M)) Hom5°"*(M(e:), M) 

wih be caUed the (s, res, £)-integral. 

We give now a general integrability criterion. 

Proposition 6.3. A map F : Na — > Hom^°"*(M(e:), M) is (s, res, €)-integrable if, for 
any compact subset C £ € and any open A-submodule A4 C M , there exists an integer 
kc.M > such that 

- F{uv)) o res(l„jVfc+i) G E{C,M) for any k > kc,M, u G -^o, and v G N^. 

Proof. Let J{No/Nk) and J'{No/Nh), for fc > 0, be two choices of sets of representatives. 
We put 

Sfc(F) F{u)ores{luNj and s'^iF) -.^ ^ F(u') o res(l„.ArJ . 

u€J{No/Nk) u'eJ'{No/Nk) 

Since Hom^°"*(A/(£), A/) is Hausdorff and complete it suffices to show that, given any 
neighborhood of zero E{C,A4), there exists an integer fco > such that 

Sk{F) - Sk+i{F), Sk{F) - s',,{F) e E{C,M) for any k > k^. 

For u e J(A'^o/^fc+i) let u e J{Na/Nk) and u' e J'{Na/Nk+i) be the unique elements 
such that uNk = uNk and uNk+i = u' Nk+i, respectively. Then 

Sk{.F)= ^ ores(l„7V;,+i) 

u£.J(Na/Nk+i) 

and hence 

(26) Sk{F) ~ Sk+i{F) = {F{u{u~^u))-F{u))oTes{luN,^,) . 

ue.J(No/Nk + i) 

Since u^^m G Nk it follows from our assumption that the right hand side lies in E{C,Ai) 
for k > kc^M- Similarly 

Sk+i{F) - s'k^,{F) = (^(") - F{u{u-^u'))) orc8{l^M,^,) ; 

ueJiNo/Nk + i) 

again, as u~^u' G A'^^+i C Nk, the right hand sum is contained in E{C,A4) for k > 
kc,M- ^ 



6.2 Integrability criterion for a 

Let Ug C A^o be the compact open subset such that UgWoP/P = g^^CoDCo. This intersec- 
tion is nonempty if and only if g G NqPNq, which we therefore assume in the following. 
We consider the map 

End^°"*(M) 

j Rcs(lArJ oag{Xu) oRcs(lAr„) if U G Ug, 

I otherwise 



ctgfl : Nq 
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(where we identify End^"* {M) with its image in E"^'""-^ under the natural embedding ((20)) 
using that Res(ljVo) = ctq o evo). Restricting agfi{u) € End™"*(M) (defined in section 
16. 2|) to M{€) for any u £ Nq we may view ag^ as a map from Nq to End™"*(Af (£)) 
since M(£) is an etale yl[P+]-submodule of AI. However, as we do not assume M(£) to be 
complete, it will be more convenient for the purpose of integration to regard a^.o a-s a map 
into Hom^°"*(M(£), Af). We want to establish a criterion for the (s, res, £)-integrability 
of the map a^.o- 

By the argument in the proof of lemma [5^ (applied to y = g^^CoOCo) we may choose 
an integer kg^'' > such that, for any k > kg^\ we have UgNk C Ug and 

(27) a{g, Xu)uNk C gUg for any u e Ug. 
Lemma 6.4. Fo?' u ^ Ug and k > k^g'^ we have 

ags){u) orcs(l„7vJ = a{g,Xu) o Res(l„ArJ . 
Proof. Using the P-equivariancc of Res we have 

a{g,Xu) o Res(l„7vJ = Rcs{la{g,x^).uNk) ° o^idiXu) o Res(l„7vJ 

= Res(lArJ o Rcs{la(g,x^).uNj ° "(f^^^u) ° Rcs(l„ArJ 

= Res(lArJ oa{g,Xu) oRes(lAro) o Res(l„7vJ 
= agfi{u) o res(l„Arj^) 

where the second identity follows from ([27]). □ 
For u ^ Ug and k > k^g'^ we put 

(28) 'HgJiNo/N^) ■■= X] a(5, a::„) o Res(l„ArJ . 

ueUgnJ(NQ/Nk) 

By Lemma WM each summand on the right hand side belongs to EndA(Ai"(£)). If ag^ is 
(s, res, £)-integrablc, the limit 



(29) Ug := lim Hg.jiNo/N^) 

k>kg ,/c— >-oo 

exists in Hom^°"*(Af(£), M) and is equal to the (s, res, £)-integral of Og^ 

(30) / UgfidTCS ~ Hg . 

Jno 



We investigate the intcgrability criterion of Prop. 16.31 for the function a^.o- We have 
to consider the elements 

(31) Ag{u,k,v) := (ag,o(u) - ag,o(Mw)) o res(l„jVfc+i) , 

for u € Ug, k > kg^'^ , and v G . By Lemma 16.41 we have 

Ag(u, k,v) = (agfiiu) ores(l„ArJ - ag,o{uv) ores(l„„ArJ) o res(l„7Vfc+i) 

= {a{g,Xi,) o Res(l„ArJ - a{g,Xuv) ° Rcs(l„„ArJ) o Res(l„Arj^^J 

= {a{g, Xu) - a{g, Xuv)) ° Rcs(l„7Vfc^i ) 

= {a[g,Xu) ~ a[g,Xuv)) o m o Res(lAr^^ J ou^^ 

RecaU that NgCZN \s the subset such that NgW^P/P = g^^C n C. 
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Lemma 6.5. For u G Ng and v G N such that uv € Ng we have: 
i. V & Nf^ig.u); 

a. a{g,Xuv) = a{g,Xu)ua{n{g,u),Xy)u~^ . 
Proof. I. Because of gu = a{g,Xu)un(g,u) we have 

a{g, Xu)un{g, u)v ~ guv e a{g, Xuv)uvN 

and hence 

n{g,u)vwoP = u~^a{g,Xu)~^a{g,Xuv)uvwoP & PwqP . 
ii. By i. the equation n{g,u)vwoN = a(n{g , u) , Xy)vwoN holds. Hence 

guvwoN = a{g, Xu)un{g, u)vwqN ~ a{g, Xu)ua{fi{g, u),Xy)vwoN 

and therefore a{g, Xuv)uv = a{g, Xu)ua{n{g, u),Xv)v. □ 

We deduce that 

Ag{u, k, v) = a{g,Xu) o u o (1 - a{n{g,u), v)) o Res^lN^^J o u'^ . 
For u G Ug we have 

a{g, Xu)u ~ n{g, u)t{g, u) with n{g, u) G A^o smd t(g, u) € L, 
hence Ag(u, fc, v) is contained in 

Not{g,u){l - a{n{g,u),v)) o Res(l7Vfc+i) o Nq . 

Since t{g,Ug) C L and n{g,Ug) C TV are compact subsets we may choose a /cg^"* > feg^"* 
such that 

(32) Ag C L+ and t/g) C ]V_^(i, . 

Writing t{g,u) = s^'~^^s't{g,u)s^^s 's^^ C s'^^'^s" AgS^*^ we then obtain that Ag{u,k,v) is 
contained in 

TVo^'^"'^" (1 - s-'-''-''i"'h{g, u)a[n{g, u), v)t{g, u)-^ s''-''i"')KgS''' o Rcs(lAr,^ J o 
when k > kg'^K We define 

which is a subset of P. 

Lemma 6.6. For any compact open subgroup Pi C Pq there is an integer kg'^\Pi) > k^f^ 
such that 

Pg,kQPi for anyk>kf\Pi). 

Proof. By compactness of the set {s^^s ^ t{g , u)u' : u G Ug,u' G A^o} we find an open 
subgroup P2 C Pi such that 

s^''^\{g,u)u' P2u'^^t{g,uY^ s^^^s^ C Pi for any ueUg and u' G Nq. 
Hence we may replace in the assertion Pi by P2 and Pg k by 

Pg.k {(s-^-is'=)s-'=a(fi(5,u),tOs^(s-^s'=) : u G C/<„i; G TV,}. 

47 



If we multiply the identity 

n{g, u)vN ~ a{n(g, u), v)vN 
from the left by v^^ and conjugate by s^'' then we obtain 

{s-''v-h'')s-''a{n{g,u),v)s''{s-'''vs'')N = {s-''v-^s'')s-''n{g,u)s''{s''''vs'')N 

and hence 

u'eNo 

Since Nq is compact and P2 x is an open neighborhood of the unit element in G we 
find an integer kg^\P2) > fcg^'' such that 

U "'^fc-fc(i>"'"^^ C P2 X iV for any k > kf \P2). 

It follows that P^j. C P2 for any k > kf\P2). □ 

This result says that for k > kg {Pi) we have 

{Ag{u, k,v):ueUg,ve Nk} C TVos'^'^'^'s" (1 - Pi)AgS-'' o Res(ljv.+J o A^o • 
Using lemma [3.14l we finally observe that 

oRes(lAr,_^J = Res(lwJ os-('^+i) = ao o cvq 03^'-''+^^ = ao o o evo 

is the image in End™"*(Af^) of tJj''+^ S End™"*(M). We therefore conclude that, for any 
compact open subgroup Pi C Pq and for k > kg (Pi ) , we have 

(33) {Agiu,k,v) ■.ueUg,veNk}C Aros*'-'=«''(l -Pi)Ag5^'^+iiVo 

in End5f"*(Af). This leads to an intcgrability criterion for ag^o, which depends only on 
(s,M,£). 

Proposition 6.7. We suppose that (s, M, £) satisfies: 

£(5) For any C £ £ the compact subset ip{C') C M also lies in C 

'X(l) For any special compact subset C G £ such that C ~ NqC , any open ^[A^o]- 
submodule A4 of M , and any compact subset C+ C there exists a compact open 
subgroup Pi = Pi(C, M, C+) C Pq and an integer k(C, M., C+) > such that 

(34) s''{l- Pi)C+^'' C E{C,M) for any k>k{C,M,C+) . 

Then the map ctg^: Nq — > IIom^''"*(M(£), Af) is (s, res, (t)-integrable for all g G NqPNq. 

Proof. By the general integrability criterion of Prop. [6731 the map is integrablc if for 
any {C,A4) as above, there exists kc^M,g ^ such that 

(35) Ag(-u, fc, v) £ E{C, M) for any k > kc.M,g-, " G Ug, and v G Nk- 
By this is true if kc,M,g > kf'\Pi) and 

(36) s'=-'=9"(l - Pi)Kgsi,^+^{C) c 7W , 
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because NqM = M and NqC = C. 

We note that the set C+ = KgS is contained in by ([32]) and is compact, that the 
set C = '"""^(C) C M is compact and NqC = C because the map -0 is continuous 
and Noip{C) = V'(s^os^^C) = ip{C), and that ((551) is equivalent to 

By our hypothesis, there exists an open subgroup Pi C Po such that this inclusion is 
satisfied when k > k^g^ + k{C' , M, C+). For 

(37) kcM,9 ■■= max(fcW +fc(C',X,C+),fcf (Pi)). 

((55)) is satisfied. By construction. Pi depends on il:''3 ^^^{C),A4,AgS, hence only on 
C,M,g. □ 

Later, under the assumptions of Prop. 16.71 we will use the argument in the previous 
proof in the following slightly more general form: for C, Ai, C+ as in the proposition and 
an integer fc' > we have 

(38) s''-''' {1 ~ Piii:'"' {C),M,C+))C+i:'' C E{C,M) 
for any k > k' + k{i'''' (C), M,C+). 

6.3 Extension of Res 

Proposition 6.8. Suppose that (s, M, £) satisfies the assumptions of Prop. \ 6.7\ and that 
the {s,TCS,€) -integral Hg of ag_o is contained in EndA(Af(£)) for all g £ NqPNq. In 
addition we assume that: 

£(6) For any C G £ the compact subset (f{C) C M also lies in £. 

T(2) Given a set J{No/Nk) C A^o of representatives for cosets in No/Nk, for k > 1, for 
any x £ Af(£) and g G NqPNq there exists a compact A-submodule Cx,g € £ and a 
positive integer k^.g such that 'Hg,j(No/Nk)i^') ^ ^x.g for any k > kx,g- 

Then the Tig satisfy the relations HI, H2, H3 of Prop. \ 5.14\ 

Remark 6.9. The properties £(3), £(5), £(6) imply that for any u G A'o, k > 1, and C G £ 
also res(l„7Vfc)(C) lies in £. Indeed, rcs{luNk) ~ uo ip^ o . 

Wc prove now HI and H3, which do not use the last assumption. The proof of ii. is 
postponed to the next subsection. 

Proof. The proof of HI contains three steps. 
Step 1: In this step we establish the relation 

res(lcongv) oUgO rcs(lv) = o res(lv)- 

By additivity wc may assume that V = vMrW^P / P for v G iVo and an integer r as large 
as we wish. 

It suffices, by ((30|) and Remark 16.91 to verify that 

res(lcongv) ° a{g, x„) o Res{luNkWaP/p) ° res(lv) = a{g, Xu) o Res{luNkWoP/p) ° rcs(lv) 

for any u G A^o such that x^ G g^^Co D Cq and any k > kg^K By enlarging kg^^ we have 
that each set uNi^wqP/ P either is contained in V or is disjoint from V. This reduces us 
to verifying 

res(lconsv) ° a{g, a;„) o Res(l„A,,.^„p/p) = a{g, Xu) o Kes{luNkwoP/p) 
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whenever Xu ^ g ^Cq H V. By the argument m the proof of lemma [5761 (apphed to V 
g^^Co n V) we may assume, after enlarging fcg*^^ further, that 

a{g, Xu)uNkWoP/P C Co n gV for any Xu G g^^Co n V. 

Using the P-equivariance of Res we then compute 

a{g, Xu) o Res{luNkWoP/p) = R'2s{la{g.x^)uN,,woP/p) ° a{g, Xu) 

= res(lcongv) o Res{la(g,x^)uNkwoP/p) ° 
= res(lcongv) ° a{g, Xu) ° Rcs{luNkwoP/p) ■ 

Step 2: By applying Step 1 to V and to Co \ V we obtain 

res(lcon3v) ° 'Hg = res(lcon3v) oHgO res(lco) 

= res(lcongv) oHgO res(lv) + res(lcongv) oHgO res(lco\v) 
^Hgo res(lv) + res(lconsv) ° res(lconff(Co\v)) « 'Hg o res(lco\v) 
= 'HgO res(lv) • 

For V = Co we, in particular, get 

(39) res(lcongCo) ° = ■ 

Step 3: Using the two identities in Step 2 we finally compute 

Hg o res(lg-ivnco) = res(lconvngCo) ° 

= res(lv) o res(lcongCo) ° 
= res(lv) o 'Hg . 

H3. For bePn NqPNo we have 

c^b.o = constant map on Nq with value res(lco) ° b o res(lc(,) 

and hence 

Hb = res(lc„) o 6 o res(lcn) = 6 o res(lf,-iConCo) • 

□ 

6.4 Proof of the product formula 

We invoke now the full set of assumptions of Prop. [^751 and we prove the product formula 

Hg o -Hh = Ugh o Tes{lh-iConCo) ■ 
for g,he NqPNo. This suffices by Prop. Oil 

Let ko := max(A:g°\ kl^\ ^gh^ + ^ ^^^'^ ^'^^ ^ — ^o- 

As fc > fc^^-* (because kj^^ > kf^^ (|32p ). the set Uh is a disjoint union of cosets uN^. 
We choose a set J^No/Nk) C A'o of representatives of the cosets in No/Nk and for each 
u S J{No/Nk)riUh a set Ju{No/Nk-ko) C iVo of representatives of the cosets in No/Nk-kg 
with n{g,u) e JuiNo/Nk-k„) (see 

We write Hg o Tih — Hgh ° res(l/i-icQnCo) ^ the sum over u G J{No/Nk) Ci Uh of 

(40) {Hg o Hh - Hgh o Res(lt; J) o Res(l„Ar, ) 
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where 



ak,u o Hh - ^s,J„(JVo/Wfc_ko) ° y-h,j{No/Nk)) ° Res(l„jvJ 

bk,u : = ('Wg,J„(Afo/Affc-fco) ° '^h,J{No/Nk) ~ '^gh,J(No/N^)) ° Res(l£/^) o Res(l„ArJ 

Ck,u ■={'Hgh,j(N„/Nk) - '^gh) o R-es(l;7j ° Res(l„ArJ. 

The product formula fohows from the claim that hk,u = and that for an arbitrary 
compact subset C e £ such that A^qC ~ C, and an arbitrary open A[A^o]-module Ai C M, 
0'k,u and Ck^u lies in E{C,A4) when k is very large, independently of u. 

The claim results from the following three propositions. 

Because {s,M,€.) satisfies Prop. 16.71 we associate to {C,Ai,g) the integer kc.M.g 
defined in ([57]) which is independent of the choice of the J{No/Nk)- For the sake of 
simplicity, we write 

(41) <^ := n.j^^M ' 4'^ - ^• 
By (Ell), we have, for k > kf\ 

= Ag(w,fc,«„) 

«ec/gnJ(JVo/Affc+i) 

for some u„ G A^a,-. It follows from (j33p that, for any given compact open subgroup Pi <Z Pq, 
we have 

(42) e < TVos"""^" (1 - POAgsV-^'+^iVo >A for fc > kf\Pi) , 

where we use the notation < X >a for the A-submodule in Endyi(M) generated by X. 
We deduce from the proof of Prop. 15771 that s^p € E{C,M) for any k > kc.M,g- 

Proposition 6.10. {Hg - Ugj(No/Nk)) ° R.es(l„ArJ e E{C,M) for any k > kc.M.g- 

Proof. When fc > 0, fc2 > max(fc — l,fcg''-'), u' £ Ug,v £ Nk we have that Ag(u',fc2,w) o 
Res(l„Arj.) is equal either to Ag(w',fc2,w) or to 0. If follows that 

s^J'^'' o Res(l„7Vfc) C E{C,M) for any fc2 > max(fc - 1, kc.M.g) and fc > 0, 

Now we fix fc > kc.M,g- Note that Res(l„Ar^)(C) is contained in £ by the stability of £ 
by ?/;, If, and u^^. Therefore the sequence (Tig'^'^^ oRes{luN^))k2 converges to HgoRes(l„Ar^) 
in IIom^°"*(M(£), M). In particular, we have 

{Hg - nf^^) o Res(l„ArJ C E{C, M) for any fc2 > max(fc - 1, fcc,A^,g) and fc > 0. 

The statement follows by taking fc2 = fc. □ 

This establishes that Ck.u lies in E{C,M) when fc > kc.M,gh- 

Note that the proposition is true also for any other system J'{No/Nk) C Nq of repre- 
sentatives for the cosets in No/Nk for the same integer kc,M,g- We write Hg*^' and s'g''^ 
for the elements defined in (|4T|) for J'{No/Nk). 

Proposition 6.11. There exists an integer kc,M,g,h,ko G N, independent of the choices 
ofJ{No/Nk) and J'{No/Nk), such that: 
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I. o ni^+'^^ - nf~^°'^ o e E{C,M), for all k > kc,M,9,Kko, and the 

sequence {Ti^g^ 0%^^^) converges to T-Lg oTih iri Hom^°"*(A'/(£), Af). 

n. {Hg o Hh - "'^"^ o hJ,^^) o Rcs(1„wJ e E{C,M), for all k > kc^M,g,hM- 

Proof, i. To prove the first assertion, we write 

(43) ■+1-"°' o - o ' = +1-'^") o s|f ) + sf-''-^ o . 

Note that, when k > k^g \ the endomorphisms 'H!g^'^ and "Hg'^' are contained in the A- 
module < Nqs^~^''!^^ Kgij^'^NQ >a, because 



oRes(l„ArJ = n(.g, u)t(g,w)w ^us^ij^^u ^ C Nqs'' ''s^^ Agip'' Nq for u e C/, 

coi 

A:o,A;^^'(Pi)). With ([42]) we obtain that (gS]) is contained in 



a- 



(2) 

We consider any compact open subgroup Pi C Pq and we assume k > ma,x{kg (Pi) 



< Nos''+^-'">-''^^'\g'ilj''+^^''° Nos''-''''^'\l - Pi)AhSil>'''^^No >a 
+ < Nos''~'">'''^^'\l - Pi)Agsij''-''°+'^Nos''-''''^ Ah^j'^No >a ■ 

Recalhng that V'"(^o<^''+''("^)) = ip''{No)ip''{m) = Noip^{m) for a,5 G N and m G M, we 
see that this is contained in 

< Aros'=+i-'=''-'=9''AgiVos'^«~'^"'-i(l - Pi)AhS%l:^+^No >a 

+ < Nqs^-^''-^'-^\i - Pi)AgNQs''°'^^'>^\hip^No >A ■ 

As fc + 1 - fco - k^g^ > kf\Pi) + 1 - k^g'^ > 1 and as Ag C i+, we have 

^^^fc+i-feo-fei,"AgAro c Nos''+'^-'"'-''9^Ag , 
and this is contained in 

< 7Vos'''+^''''"''''''Ags'^«-'^^"-\l - Pi)A,,sV/+iiVo >A 
+ < Nos''-'">-''''<^'Ul - Pi)AgS^°^^>'\h'4'^NQ >A ■ 

We assume, as we may, that the compact open subgroup Pi of Pq satisfies tPit^^ C Pi for 

all t in the compact set Ags'^""'^'' of i+. Then we finally obtain that p3l is contained 
in 

< Nos''+'^- 9^1 - Pi)Ags'=''-'=^"A,,V''+^^o >A 
+ < 7Vos'=-'=°-'=s''(l - Pi)Ags'^«-'^^"A;,V''^o >A . 
This subset of End/i(Af ) is contained in E{C, A^) when 

gfc+i-fco-fc<" (1 _ Pi)Ags'=«~'=^" A;,V'''^i(C) and s'=-'=°-''»" (1 - Pi)Ags'^°-'=5" A,,V''(C) 

are contained in E{C,M) because NqC = C and M is an A[7Vo]-module. By ((38|) . this is 
true when Pi is contained in Pi('(/;''°+'^s^' (C), A4, AgS*^""*^'! ' A;i) and /c > kc,M,g,h.ko where 

(44) kc,M,g,h,ko ■■= niax(fcf (Pi) + fco, fc(V''°+'"' (C), A^, Ags'=°-^!.'' A^)). 

The first assertion of i. is proved. We deduce the second assertion from the following claim 
and the last assumption of Prop. 
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Let (A,i)„gN and (i3„)„gN be two convergent sequences in Hom^°"'*(iW(£), Af ) with 
limits A and B, respectively; assume that (i3„)„gN and B are in EndA(A'/(£)) and that, 
for any x € € there exists an ^-submodule C S £ such that Bn{x) G C for any large n. 
Then, if the sequence {An o Bn)neK is convergent, its limit is ^ o _B. 

Let D be the limit of the sequence (An o B„)„. It suffices to show that, for any open 
^-submodulc Ai C M and any element x S M(£) we have {D — Ao B){x) g Ai. We write 

D^AoB = {D-AnO Bn) -{A- A„) o B„ - A o (B - B„) . 

Obviously {D — An o Bn){x) G Ai for large n. Secondly, the elements Bn{x) for any large 
n are contained in some compact A-submodule C G £, hence also {B — Bn){x). Moreover 
A - An e E{C,M) for large n. Hence {A ~ An) o Bn{x) G for large n. Finally, A 
being ^-continuous there is an open A-submodule A^' C AI such that A{Ai' DC) C Ai. 
Furthermore {B — Bn){x) G AA' n C for large 71. Hence Ao[B — B„)(x) G 7W for large n. 



ii. This follows from the second assertion in i. together with remark [6.91 □ 

We have now proved that ak,u G E{C, Ai) when k > kc,M,g.h,ko- 
Proposition 6.12. For u G J{NQ/Nk) n Uh, we have 

(45) '^a.JuiNo/N^^to) ° '^Lh,J(Na/Nk) ° Rcs(l„jvJ = 'HghJ(No/Nk) ° Rcs(l„jvJ. 

Proof. The left side of (|45]) is 



iie(7gnJ„(A'o/Affc-feo) 

The right side of (gS]) is a{gh, x^,) o Res(l„ArJ if m G J{No/Nk) DUh^ Ugh and is if u 
does not belong to Ugh ■ We recall that 

(1) 

a{h,Xu)u = n{h,u)t{h,u) with. n{h,u) G Nq and t{h,u) G L+s . 
It follows that 

a{h,Xu)uNk'WoP C n{h,u)N (i)WoP C n{h,u)Nk-koWoP. 

We obtain 



Res(l„7Vfc_fcJoa(ft-,a:^u)oR.cs(l„ArJ 



q;(/i, x„) o Res(l„7Vfc ) if vNk^ko = n{h, u)Nk-ko , 
otherwise. 



We check now that u G Ugh H C/^ if and only if n{h, u) G Ug. Indeed Xu — uwqP/P belongs 
to h-^Co n Co = UhWoP/P, 

Xu G {gh)^^Co n h^^Co H Co if and only if hx^ G g^^Co H Co 

and = a{h, Xu)xu = n{h,u)woP/ P. It follows that u G C/gh H C/^ if and only if 
n{h,u) G C/g. As JuiNo/Nk-ko) contains n{h,u), we have v ~ n{h,u) when vNk-ka = 
n{h, u)Nk-ko ■ We deduce that the left side of (P5|) is when u does not belong to Ugh 
and otherwise is equal to 

a[g,hxu) oa{h,Xu) o Res(l„ArJ = a{gh,Xu) o Res(l„wJ , 

where the last equality follows from the product formula for a (Lemma [53]). □ 

We have proved that h^^u = 0, therefore ending the proof of the product formula. 
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6.5 Reduction modulo 

We investigate now the situation that will appear for generalized {lp, r)-inodules M, where 
the reduction modulo a power of p allows to reduce to the simpler case where M is killed 
by a power of p. We will use later this section to get a special family in M such that 
the (s,res, £s)-integrals T-Lg exist for all g <E NqPNq and satisfy the relations HI, H2, H3 
of Prop. Oil 

We assume now that {A, M) satisfies: 

a. A is a commutative ring with the p-adic topology (the ideals p'^A for n>\ form a 
basis of neighborhoods ofO) and is Hausdorff. 

b. M is a linearly topological A-module with a topology weaker than the p-adic topol- 
ogy (a neighborhood of contains some p^M) and M is a Hausdorff and topological 
A[P_^.]-modulc as in scction\S[ (wc do not suppose that M is complete). 

c. The submodules p"M, for n > 1, are closed in M. 

d. M is p-adically complete: the linear map M l^m^^^^ (M/p"M) is bijective. 

For all n > 1, wc equip M/p'"'M with the quotient topology so that the quotient map 
Pn '■ M ^ M /p^M is continuous. The natural homomorphism 

M l^i(M/p"M) 

n>l 

is an homeomorphism, and the natural homomorphism 

End2'"*(M) ^End5i°"*(Af/p"M) 

n>l 

is bijective. We have: 

- For a subset C of M, let C be the closure of C. Then C = ^im^^^ Pn{C) and if C is 
closed, C = ]jm^^^^p„(C). If C is p-compact (i.e. Pn{C) are compact for all n > 1), 
then C is compact, and conversely ([2] 1.29 Cor. and 1.64 Prop. 8). 

- An cndomorphism / of M which is p-continuous (i.e. the endomorphism /„ induced 
by / on M/p'^M is continuous for all n > 1) is continuous, and conversely. 

- An action of a topological group H on M which is p-continuous (i.e. the induced 
action of H on M/p'^M is continuous for all n > 1) is continuous, and conversely. 

- If the M/p"-M are complete for all n > 1, then M is complete. 

- The image C„ in M/p'^M, for all n > 1. of a special family £ of compact subsets in 
M such that, for all positive integers n, 

p'^M n M(e:) = p"Af(e) 

is a special family. In this case, one has M(£„) = A/(£)/p"Af (£). 

- M is a topologically etale ^[P+J-module if and only if M/p"Af is a topologically etale 
A[P+]-module, for all rt > 1. If we replace "topologically" by "algebraically", this 
is the same proof as for classical ((/), r)-modules (see subsection l7.3p . The canonical 
inverse 4's of the action ips of s is continuous if and only if it is p-continuous. 

We introduce now our setting which will be discussed in this section. 
We suppose that : 
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- M is a topologically etale A[P-^^]-module, and M/p^M is complete for all n > 1. 

- We are given, for n > 1, a special family £„ of compact subsets in Mn = M/p"M 
such that contains the image of <Ln+i in M„ for all n > 1. 

Let £ be the set of compact subsets C c M such that Pn{C) G for aU n > 1. 

Lemma 6.13. ^ is a special family in M and ~ l^m^^^^ A'/(£„). 

Proof. £(1) It is obvious that a compact subset C" of C £ £ is in £ because p„ is continuous 
and Pn{C') is compact. 

£(2) Pn commutes with finite union hence £ is stable by finite union. 

£(3) Pn commutes with the action of iVo hence C S £ imphes NqC S £. 

£(4) By definition x € M(£) if and only if pn{x) £ A/(£„) for aU n > 1. The 
compatibility of the £„ implies that the Af(£„) form a projective system. We deduce 
M(£) = ^im M(£„). As the latter ones are topologically etale, the topological A[P-|.]- 

module M(£) is topologically etale by Remark 13.91 □ 
Wc have the natural map 
limHom^(A'f(£„), ^ HomA(lim A/(£„), lim A//p"M) = HomA(A/(£), Af ) . 

n n n 

Lemma 6.14. The above map induces a continuous map 

(46) ^Hom^""°"*(Af (£„), M/p'^M) ^ Hom^^°"*(M(£), M) , 

n 

for the projective limit of the Cn-open topologies on the left hand side. 

Proof. Let / = lim/„ be a map in the image, and let C G £. Then /|c is the projective 
limit of the fn\p„{c) hence is continuous. This means that the map in the assertion is 
well defined. For the continuity, let C G £ and C Af be an open A-submodule. The 
preimage oi E{C,Ai) is equal to 

(hm HomJ'=°"*(A/(£„),A//p"Af)) n {'[[E{p„{C),M + p^M/p"M)) . 

n n 

Since M contains some p'^'M , this intersection is equal to the open submodule 

{(/„) e lim Hom^"^°"*(A/(£„),A.//p"Af) : /„ G E{pn{C),M + p"M/p''M) for n < no}. 

n 

□ 

Proposition 6.15. In the above setting assuming that all the assumptions of Prov. \ 6.8\ 

are satisfied for (s, M/p"'M, £„) and for all n > 1. Then, for all g G NqPNq, the functions 

ag,o :Afo^HomS°"*(A/(£),A./) 

are (s,res,€)-integrable, their {s, res, it) -integrals Tig belong to EndA(Af(£)) and satisfy 
the relations HI, H2, H3 of Prop. \5J4\ 

Proof. In the following we indicate with an extra index n that the corresponding no- 
tation is meant for the module M/p"M with the special family £„. Then agfi{u) is 
the image of (ctg^o, by the map ((46|) . for u G A^o- It follows that 'Hg^j{No/Nk) 
is the image of {T~ig^j{No/Nk),n)n for g G NqPNq. By assumption the integral Hg^n = 
linik^ao'Hg,j(No/Nk).n cxists, lies in Hom^"°"*(M(£„), Af/p"Af), and satisfies the rela- 
tions HI, H2, H3 of Prop. Em 

The continuity of the map (|46|) implies that the image of {'Hg.n)n is equal to the limit 
linifc_s.oo ?^g,.7(Wo/-/Vfc) ! therefore is the integral "Hg of a^.o. The additional properties for "Hg 
are inherited from the corresponding properties of the Hg^n- D 
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Under the assumptions of Prop. I6.15i we associate to (s,Af, £), an A-algebra homo- 
morphism 

Res : AccG/p ^ EndA(A/(e:)^) . 
via the propositions 15.141 , 15.121 which extends the A-algebra homomorphism 

Res : C,°°(C,^)#P ^ EndA(M(e:)^) 

constructed in the proposition 13.171 The homomorphism Res gives rise to a P-ecjuivariant 
sheaf on C as described in detail in the theorem 13.231 The homomorphism Res defines 
on the global sections with compact support M(£)f of the sheaf on C the structure of a 
nondegenerate ^ccG/p-module. The latter leads, by the proposition 15.101 to the unital 
C^{G/P, ^)#G-module Z(8)^M(£)f which corresponds to a G-equivariant sheaf on G/ P 
extending the earlier sheaf on C fremark l5.1ip . 



7 Classical r)-modules on Os 

7.1 The Fontaine ring Os 

Let K/Qp be a finite extension of ring of integers o, of uniformizer px and residue field k. 
By definition the Fontaine ring Og over o is the p-adic completion of the localisation of 
the Iwasawa o-algebra A(Zp) := o[[Zp]] with respect to the multiplicative set of elements 
which are not divisible by p. We choose a generator 7 of of image [7] in Os and 
we denote X = [j] — 1 € Os- The Iwasawa o-algebra A(Zp) is a local noetherian ring 
of maximal ideal A^(Zp) generated by pkiX. It is a compact ring for the A^(Zp)-adic 
topology. The ring Os can be viewed as the ring of infinite Laurent series X^nez OnX" over 
o in the variable X with lim„__j._oo fln = 0, and A(Zp) as the subring o[[X]] of Taylor series. 
The Fontaine ring Os is a local noetherian ring of maximal ideal pxOs and residue field 
isomorphic to k{{X)); it is a pseudo-compact ring for the p-adic (= strong) topology and 
a complete ring (with continuous multiplication) for the weak topology. A fundamental 
system of open neighborhoods of for the weak topology of Os is given by 

{On.k=p"Os+MiZp)%,keN 

or by 

[Bn.k = f'Os + X''AiZp)n.km 
Other fundamental system of neighborhoods of for the weak topology are 

{On '■— On,n)n>l Or (i3„ :— Bn.n)n>l ■ 

7.2 The group GL{2, Qp) 

We consider the group G = GL{2,Qp) and 



,0 1 J ' \ 1+K'Zp^ 

Pk = LkNk for A: e N, the upper triangular subgroup P, the diagonal subgroup L, the 
upper unipotent subgroup TV, the center Z, the mirabolic monoid P* = NqL^,, and the 
monoids = L^Z , P^ = NqL^. The subset of non invertible elements in the monoid 
is 

rsN-{0} ^ 0") for aepZp- {0}} . 
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An element s E Tsp Z is called strictly dominant. In the following we identify the 
group Zp with A^o- The action of P-f on Nq induces an etale ring action of P+ trivial 
on Z on A(Ao) which respects the ideal generated by p. This action extends first to the 
localisation and then to the completion to give an etale ring action of Pf on Os determined 
by its restriction to P*. For the weak topology (and not for the p-adic topology), the action 
P+ X Cf — > Os of the monoid P+ on Os is continuous (see Lemma 8.24.i in [12]). For 
t G P-f the canonical left inverse ipt of the action tpt of t is continuous (this is proved in a 
more general setting later in Prop. I8.22p . 

7.3 Classical etale (y?, r)-module 

Let s S Tsp Z. A finitely generated ctalc (/3s-modulc D over Og is a finitely generated 
Of-module with an etale semilinear cndomorphism ips- These modules form an abelian 
category 971^^ ((^s). We fix such a module D. 

In the following, the topology of D is its weak topology. For any surjective Og-linear 
map / : (B^Og — D, the image in P of a fundamental system of neighborhoods of in 
(D'^Os for the weak topology is a fundamental system of neighborhoods of in D. Finitely 
generated A(Ao)-submodules of D generating the O^-module D will be called lattices. 
The map / sends ©''A(Zp) onto a lattice P° of D. We note On.k := p"D + M(Zp)''D° 
and Bn,k ■■= P^'D + X''D°. Writing 0„ := and S„ ~ i3„,„, (©„)„ and (S„)„ are 

two fundamental systems of neighborhoods of in P. The topological Of-modulc D is 
Hausdorff and complete. 

A treillis Dq in P is a compact A(Ao)-submodule Pq such that the image of Pq in the 
finite dimensional A;((A))-vector space D/pkD is a A;[[A]]-lattice ([5] Def. 1. 1.1). A lattice 
is a treillis and a treillis contains a lattice. 

For n > 1, the reduction modulo of P is the finitely generated Og-module D/p"D 
with the induced action of ips- The action remains etale, because the multiplication by 
p" being a morphism in 93t^^((/9s) its cokcrncl belongs to the category. The reduction 
modulo p" of tps is the canonical left inverse of the reduction modulo of Lps- The 
reduction modulo of a treillis of P is a treillis of D/p"D. 

Conversely, if the reduction modulo of a finitely generated (ys^-modulc P over 
is etale for all ?i > 1, then P is an etale yjs-module over Os because P = lim D/p'^D. 

The weak topology of P is the projective limit of the weak topologies of D/p^^D. 

When P is killed by a power of p and Dq is a treillis of P, we have : 

1. Pq is open and closed in P. 

2. (A^(Zp)"Po)neN and (A"Po)„gN form two fundamental systems of open neighbor- 
hoods of zero in P. 

3. Any treillis of P is contained in A~"Po for some n G N. 

4. D = Dkei,X-'Do. 

5. Pq is a lattice. 

The first four properties are easy; a reference is [5] Prop. 1.1.2. To show that Pq is 
a lattice, we pick some lattice P° then Pq is contained in the lattice A~"P° for some 
n S N by the property 3. Since the ring A(A'o) is noetherian the assertion follows. 

When P is killed by a power of p, the weak topology of P is locally compact (by 
properties 2 and 5). 

Proposition 7.1. Let D be a finitely generated etale ipg-module over Cg. Then ips and 
its canonical inverse ipg are continuous. 
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Proof, a) The above O^-linear surjective map / : Q'^Og D sends {ai)i onto ^^a.idi 
for some elements di € D. As ips is etale, the map {ai)i i— >■ '^^aiipsidi) also gives an 
Of-linear surjective map (B'^Og D. Both sm'jections are topological quotient maps by 
the definition of the topology on D, and the morphism (ps of Os is continuous. We deduce 
that the morphism ips of D is continuous. 

b) The image ®''A{No) by / is a lattice D° of D. For any k eN the A(iVo)-submodule 
Dqj, of D generated by (<yJs(A''ej))i<i<£; also is a treillis of D because tps is etale. We 
have V's(^o,fc) = ^'"^o (cf. lemma [?^ . 

c) When D is killed by a power of p, we deduce that tps is continuous by the properties 
1 and 2 of the treillis. When D is not killed by a power of p, we deduce that the reduction 
modulo of ips is continuous for all n; this implies that ij.'s is continuous because (A = 
o,D) satisfy the properties a, b, c, d of section and D/p^^D is a (finitely generated) 
etale ip g-modulc over Cg. □ 

We put 

:— {x £ D : the sequence {ip'^{x))keN is bounded in D} 

(cf . [93]) and 

(47) D++:={j;eD| lim (^^(x) = 0} . 

A;— >-oo 

Proposition 7.2. Cij When D is killed by a power of p, then Z3+ and are lattices 
in D. 

(ii) There exists a unique maximal treillis such that ^s{D^) = DK 
(Hi) The set of ipg-stable treillis in D has a unique minimal element ; it satisfies 

(iv) X'^^D'^ is a treillis stable by ipg for all fc G N. 

Proof. The references given in the following are stated for etale [ips , r)-modules but the 
proofs never use that there exists an action of V and they are valid for etale ps -modules. 

(i) For s = Sp this is [5] Prop. II.2.2(iii) and Lemma II. 2. 3. The properties of Sp which 
are needed for the argument are still satisfied for general s in the following form: 

- (ps{X) e V9™ (A)A(Zp)^ where s = sos™z with so e F, m > 1, and z ^ Z. 

- ((/Js(A)A-i)p' e /+iA(Zp) + A(P-i)p'A(Zp) for any A: e N. 

(ii) and (iii) For any finitely generated O^-torsion module M we denote its Pontrjagin 
dual of continuous o-linear maps from M to K/o by M"^ := Rom^f'^^M, K/o). Obviously, 

again is an Og-module by (A/)(x) := f[\x) for A G Og, / e A/^, and x e M. It is 
shown in |5j Lemma 1.2.4 that: 

- is a finitely generated Og-torsion module, 

- the topology of pointwise convergence on A/^ coincides with its weak topology as 
an Of-module, and 

- Af^v = M. 

Now let D be as in the assertion but killed by a power of p. One checks that also 
belongs to S[Hq^((/3s) with respect to the semilinear map <Ps{f) ■= f o fps for / S -D^; 
moreover, the canonical left inverse is tps{f) = f ° Ps- next, |5] Lemma 1.2.8 shows that: 

- If Do C £> is a lattice then := {d e D'^ : f{Do) = 0} is a lattice in D"^, and 

= Do. 
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We now define := (-D^)^ and := The purely formal arguments in the 

proofs of |5] Prop. II. 6.1, Lemma II. 6. 2, and Prop. II. 6. 3 show that D'^ and have the 
asserted properties. 

For a general D in QJlg^ {(fs) the (formal) arguments in the proof of [5] Prop. II. 6. 5 show 
that ((£'/p"Z))'')„gN and {{D/p'^D)^)n£N are well defined projective systems of compact 
A(Zp)-modules (with surjective transition maps). Hence 

—l^iD/p^D}^ and := ]^{D / p'' D)^ 

have the asserted properties. 

(iv) X-i'D^ is clearly a treillis. As X divides ipsiX) = {1 + X)''~1 in A(Zp) = o[[X]], 
there exists f{X) e o[[X]] such that (ps(X'=) = X^f{Xf. So we have ?/',(X-'=£)«) = 
V's(</'s(A:-'')/(A:)'=i:)«) = A:-V's(./(A:)'=i:'«) C X-^il^^iD^) C X-'^D'' since £>« is 
stable by definition. □ 

Proposition 7.3. Let D be a finitely generated etale ifg-module overOg. For any compact 
subset C <^ D and any n e N, there exists ko £ N such that 

U tP^s{NoC)CDi+p''D . 

Proof. We choose a treillis D° containing C, as we may. A treillis is a A(7Vo)-module hence 
NqC C By the formal argument in the proof of [5] Prop. II. 6. 4 we find a ko such that 

Corollary 7.4. Lei D be a finitely generated Stale Lp ^-module over Og killed by a power 
of p. For any compact subset CCD, there exists ko,r (z N such that 

U ^PUNoC)CX--D++ . 

For any submonoid L' C L+ containing a strictly dominant element, an etale L'- 
module over is a finitely generated O^-modulc with an etale semilinear action of L' . 

A topologically etale L'-module over Os will be an etale L'-modulc D over such 
that the action L' x D D of L' on D is continuous. This terminology is provisional 
since we will show later on (Cor. l8.28|) in a more general context that any etale L'-module 
over Os in fact is topologically etale and, in particular, is a complete topologically etale 
o[iVo-/j']-module in our previous sense. 

Let D be a topologically etale L_|--modulc over Cg. When the matrix 5 = ( ^ 

V'^s "9 

GL{2,Qp) belongs to NqPNq, the set Xg C Zp of r such that 

' ''A ''\ ^ ^^9,r)\ {a{g,r) \ / 1 
dj {0 ij {O I J \ d{g,r)J {c{g,r) 1 

with b{g,r) G Zp, is not an empty set. We denote by t{g,r) the diagonal matrix in the 
right hand side. For s G L+ strictly dominant, i.e. s = s^z with a G pZp — {0} and z G Z , 
and a large positive integer kg^s, we have t{g,r)s^ G i+. For k > kg^s, and a system of 
representatives JCZp/aZp) C Zp for the cosets Zp/aZp, we set 

Hg,.,j(z,Mz,)(.) = E (1 + X)''(^''-V%,.).^^.'((1+^)-''.)) 

rGXgnJ(Zp/a'=Zp) 



in End™'"(i:') 
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Proposition 7.5. Let D be a topologically etale L^-module over Og. For the compact 
open topology in Endo°"*(D), the maps Q!g,o : Nq — )■ End™"*(D), for g G NqPNq, are 
integrahle with respect to s and res, /or all s G L+ strictly dominant, i.e. s = SaZ with 
a G pZp — {0} and z E Z , their integrals 

^3 = / ag,odi-es = lim 'Hg.s,j[ip/a''ip) 

J No k^oo 

for any choices of Jiljp/ a^ltp) C Zp, do not depend on the choice of s and satisfy the 
relations HI, H2, H3 of Proposition \5. 14\ 

Proof. By Prop. lSTSl we reduce to the case that D is killed by a power of p and to showing 
the assumptions of Prop. 16.81 for the family of all compact subsets of D. The axioms €i, 
for 1 < i < 6, are obviously satisfied by continuity of ipsjips, and of the action of n G A'o 
on D. 

i. We show first the convergence criterion of Proposition l6.7[ using the theory of treillis, 
i.e. of lattices, in D. 

Given a lattice C _D, a compact subset C Q D such that NqC C C, and a compact 
subset C+ C L-|_, we want to find a compact open subgroup Pi C Pq and an integer 
fco G N such that 

(48) - A)C+V« C E{C,M) 

for all fc > fco- 

We choose ro G N with (^^ (£>++) C Ai for all k > tq, as we may by properties 5 and 
6 of treillis. We choose r, fcp G N such that fco > '^o and 

as we may by Cor l7.4l Applying C+ we obtain 

y C+^.^C) C C+{X-^D++) . 

k>ko 

The continuity of the action of P+ on D implies that C+(X~'"Z?++) is compact. Hence 
we can choose r' G N such that C\{X~^D~^^) C D++ and we obtain 

U c+v-.'XC) c x-^'d++ . 

k>ko 

As X^"^ is compact and _D++ an open neighborhood of 0, the continuity of the action 
of P+ on D there exists a compact open subgroup Pi C P_|_ such that 

(1 -Pi)A:-'^'i:'++ c D++ . 

Hence we have s'=(l - Pi)C+V's (C) C iPs{D++) C M for aU fc > fcg. 

ii. To obtain all the assumptions of Prop. [6?8l for the family of all compact subsets of 
D, it remains to prove that, given x G D and g G NqPNq, s — SaZ with a G pljp — {0} and 
z € Z, and {J{'Lp/ a'^T,p))k, there exists a compact Cx,g,s C D and a positive integer kx,g,s 
such that 'Hg,s,j{Zp/a''Zp)ix) ^ dx,g,s for any fc > kx,g,s- This is clear because D is locally 
compact (by hypothesis D is killed by a power ofp) and the sequence {'Hg,s,j(Zp/a''Zp){x))k 
converges. 

iii. The independence of the choice of s G i+ strictly dominant results from the fact 
that, for z G Z, e G Z*. and a positive integer r, we have (zsp^g)'^ Ao(zSprg)~'^ — s^^ Nqs^^ 
and (p^^ ^ ~ (^g'^V's'^ as ipzs^ is the right and left inverse of t^zs^- □ 
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Remark 7.6. For a topologically etale L+-modulc D finitely generated over Og on which 
Z acts through a character to the pointwise convergence of the integrals ag^dnes is a 
basic theorem of Colmez, allowing him the construction of the representation of GL(2, Qp) 
that he denotes £) Kl^ 

Our construction coincides with Colmez's construction because our Hg S End™"*(D) 
are the same than the Hg of Colmez given in Lemma II. 1.2 (ii). To sec this, we denote 



Wo = 



1 l)'"^'^=U ?)'^(«'^)-(o d)^9-[c d 



A matrix g = ^ belongs to PwqP if and only if c 7^ 0. When c 7^ we have 
g = u{ac^^) d{b — adc^^ ,c) Wq u{dc~^). 

From 

, ■, / ax + b a 

guix)wo^^^^^^ 

we see that u{{x G Qp,cx + d ^ 0}) is the subset Ng C iV of u{x) such that gu{x)wo S 
PwqP. We suppose cx + d ^ and wc write 

. , ax + b ,r , ad — be 
cx + d [cx + dy 

Then we have 

gu{x) = 5{cx + d,cx + d) 9[^^ -j-^^ u(x)) 

with n{g, u{x)) g N . We deduce that the subset of u{x) £ Ng such that gu{x)wo £ NqWqP 
is 

ax ~\~ b 

Ug — u{Xg) where Xg — {x ^ Zp, cx + d 7^ 0, e Zp}, 



and that we have 
U 



g,Sp,J{Zp/p''Zp) 

xeXgnJiZp/pf^Zp) 



S{cx + d, cx + d) P -^t^] j , 

JiZp/p^Zp) ^ ^ 

By Colmez's formula in [B] Lemma II. 1.2 (ii), Hg = limfc_j.oo '^g,p,j(Zp/p'=Zp)- Hence H, 
The major goal of the paper is to generalize Prop. 17.51 See Prop. 19.111 



a 



T-Lg 



8 A generalisation of r)-modules 

We return to a general group G. We denote G^^-' ;= GL{2, Qp) and the objects relative to 
G(2) will be affected with an upper index ^ ' . 

a) We suppose that Nq has the structure of a p-adie Lie group and that we have a 
continuous surjective homomorphism 

We choose a continuous homomorphism l : Nq Nq which is a section of £ (which is 
possible because N^'^^ c^i'Ep). 
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We have Nq = Ni i[N^'^) where Ni> is the kernel of 

We denote by Ll+ ■~{teL\ tNgt^^ C Ne , tNot^^ C A^o} the stabihzer of Ni in 
the L-stabihzer of TVq, and by Li,, -.^ {t e L \ tNit''^ C Ni , tL{N^^^)t-^ C /.(^Vq^^)} the 
stabihzer of in the L-stabihzer of (.(A^q ). We have Le ,^ C . 

b) We suppose given a submonoid of L^^i containing s and a continuous homomor- 

(2) 

phism t : Li, ^ L\' such that {£, l) satisfies 

i{tut-^) = l{t)l{u)l{t)-^ , tL{y)t-^ = L{£{t)ye{t)-^) , for u € NQ,y € iVo^^\ t G . 

The sequence £(s"' Nqs~"') = l{sY^ N^^ £{s)~^^ in N^'^^ is decreasing with trivial inter- 
section. The maps (. in a) and b) combine to a unique continuous homomorphism 

£ : P* iVo >^ ^ ^ ■ 

8.1 The microlocalized ring K(^{Nq) 

The ring Af(Afo), denoted by A^Vf (iVo) in [12], is a generalisation of the ring Og, which 

(2.) 

corresponds to Ai(j(A'^ '). 

The maximal ideal M.{Ni) of the completed group o-algebra A(iV£) ~ o[[Ni\\ is gen- 
erated by pk and by the kernel of the augmentation map o[Ni\ o. 

The ring A^ (A^g) is the A^(A'f )-adic completion of the localisation of A(A'o) with respect 
to the Ore subset Se{No) of elements which are not in Ai{Ni)A{No). The ring A(iVo) 
can be viewed as the ring A(iV£)[[A']] of skew Taylor scries over A{Ne) in the variable 
AT ~ [7] — 1 where j £ Nq and ^(7) is a topological generator of £{No). Then A£{No) is 
viewed as the ring of infinite skew Laurent series X^nez "^^n^" over A{N£) in the variable 
X with lim„^_oo in = for the pseudo-compact topology of A{N£). 

The ring A£(A^o) is strict-local noetherian of maximal ideal A^f(A^o) generated by 
Ai{Ni). It is a pseudocompact ring for the A^(Af£)-adic topology (called the strong topol- 
ogy). It is a complete Hausdorff ring for the weak topology ([12] Lemma 8.2) with funda- 
mental system of open neighborhoods of given by 

On.k Me{No)'^ + MiNQf for nGN,fceN. 

In the computations it is sometimes better to use the fundamental systems of open neigh- 
borhoods of defined by 

Bn,k := Mi{Nor + X'^AiNo) for n G N, ft 6 N , 

and 

Cn^k := MeiNoT + HNo)X^ for neN,keN, 
which are equivalent due to the two formulae 

^''A(A^o) ^ A(iVo)A:'' + M{Na)'' and A(7Vo)A:'= C X''A{No) + MiNo)'' , 

We write 0„ := 0„,„,i3„ := i?,i,„, and C„ = C„,„. Then (0„)„, (i?„),i, and (C„)„ are 
also fundamental system of open neighborhoods of in A^(A'o). 

The action {b = ut, hq) b.ng = utnot~^ of the monoid Pi^+ = Nq xi on Nq 
induces a ring action (t^x) 1— >■ iftix) of on the o-algebra A(Ao) respecting the ideal 
A{NQ)Ai{Ni), and the Ore set S£{No) hence defines a ring action of L^.+ on the o-algebra 
A^(A^o)- This actions respects the maximal ideals Ai{No) and J^({No) of the rings A(A'o) 
and A£(A'o) and hence the open neighborhoods of zero On.k- 
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Lemma 8.1. For t G a fundamental system of open neighborhoods of in Ai^Nq) 

is given by 

Proof Obviously (0„,fc)A(7Vo) C 0„,fe because ipt{M{H)) = M{tHt-^) c M{H) for 
H equal to A^o or Ni. Conversely given n, G N, we have to find £ N such that 

On',k' C (pt{On,k)A{NQ). This can be deduced from the following fact. Let H' C H he an 
open subgroup. Then given k' £ N, there is fc S N such that 

M{H'f'K{H) D M{Hf . 

Indeed by taking a smaller H' we can suppose that H' C H is open normal. Then 
M{H'fA{H) is a two-sided ideal in A{H) and the factor ring A{H)/M{H')A{H) is an 
artinian local ring with maximal ideal M{H) / M.{H')A{H) . It remains to observe that in 
any artinian local ring the maximal ideal is nilpotent. □ 

Proposition 8.2. The action of L^,^ on Ai^Nq) is etale : for any t G the map 

{\,x) ^ \^t{x) : A(iVo) ®AiNa),vt MNo) ^ A^(7Vo) 

is bijective. 

Proof a) We follow ([H] Prop. 9.6, Proof, Step 1). 

al) The conjugation by t gives a natural isomorphism 

A,{No) ^ AtN,t-^{tNot-^) . 

a2) Obviously AtA,jt-i(i7Voi"^) = A(tA^oi"^) ®A(tWot-i) ^tA^ft-i (*^oi"^), and the map 

A{tNot-^) ®A(t7Vot-i) AtN^t-^imt^') MNo) ®A(tNot-^) AtN,t-^{tNot-') 

is injective because Aj^^t-i (tA^o*^^) is flat on A{tNot^^). 
a3) The natural map 

AtN,t^i{tNot-^) ^ Ae{No) 

is bijective. 

a4) The ring action (pt ■ Ag{No) — s- Ae{No) of t on A^ (Ao) is the composite of the maps 
of al), a2), a3), hence is injective. 

a5) The proposition is equivalent to a3) and ipt injective. □ 

Remark 8.3. The proposition is equivalent to : for any t G the map 

{u,x) i-> uiptix) : o[No] 'S>olNo],vt M^o) ^ Ae{No) 

is bijective. 

8.2 The categories 9Jtf^(^^)(L,) and m^^^/L^) 

By the universal properties of localisation and adic completion the continuous homomor- 

(2) 

phisms £ and l between A^o and A^q extend to continuous o-linear homomorphisms of 
pscudocompact rings, 

(49) e : AiiNo) Os , l : Os ^ AeiNo) , ^ o t = id . 
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If we view the rings as Laurent series, ^(X) = =X,and^isthe augmentation 

map A{Ni) — > o and t is the natural injection o — > A{Ne), on the coefficients. We have for 
n, A: e N, 

(50) 

We denote by J{No) the kernel of £ : A{No) A{N^^^) and by Je{No) the kernel of 
£ : Af(7Vo) Of. They are the closed two-sided ideals generated (as left or right ideals) 
by the kernel of the augmentation map o[Ni] — ^ o. We have 

AiiNo) = iiOs) © MNo) , Me{No) = PKiiOs) © J,(iVo) , 

(51) 

X'^AiNo) = t((X(2))fcA(iV^')) © J(iVo) , Bn,fc - ^(^1-) ® ( ^^(^o) n i?„,fc) . 
The maps £ and t are i^-equivariant: for t L^, 

(52) ^ O (^t = l^^(t) O ^ , to =(p^OL , 

thanks to the hypothesis b) made at the beginning of this chapter. The map t is cquivariant 
for the canonical action of the inverse monoid L^^, but not the map £. 

Lemma 8.4. For t e L^, we have l o ■0^(4) ~ tpt ° l- We have £ o ip^ = iput^ ° £ if and only 
if Nt = tNtt-^. 

Proof. Clearly Nq = ^ t(A^o^') and tN^t-^ = tN^-^ x U{N^^^)t-^ for t & L. We 
choose, as we may, for t £ a system J{No/tNot~^) of representatives of No/tNot~^ 
containing 1 such that 

(53) JiNo/tNot-^) = {ul{v) \u e J{Ni/tNet-^) , v e JiN^"^^ /£{t)N^'^h{t-^))} . 
We have t o = ip^o i because, for A e Of, we have on one hand (fTT|) 



uV5£(t)(A„,£(t)) , A„,£(t) = ■i/'f (t) (w ^A) 



vej{N^^^/e(t)N^^hit)-^) 



and on the other hand ([TT 



i-w = X! ■"'•('y)vt('-(^)«<.(i.),t) ' 

«eJ(JVf/tAfft-i),t;GJ(wf V<'(t)^'o")^(*)~') 

where L{X)uL{v),t = V't('^('^)~^'"~^^(-^))- By the uniqueness of the decomposition, 

'•(A)i(„),t = t(A,„,<;(t)) , t(A)„,(,„),t =0 if u 7^ 1 . 

Taking u = l,w = 1, we get iptit-W) = '-(i/'£(t) (A)). 

A similar argument shows that £ o ip^-^ o £ if and only if = tNgt~^. For 

A G A,(7Vo), 

A= ^ Uipt{Xu,t) , Xu,t = Tptiu^^ X) , 

neJ(JVo/tJVot-i) 

^(A)= i{u)^iitMKt)) = E ^'^^(t)(^(A).,^(t)) 



64 



By the uniqueness of the decomposition, 

^(A)t,,£(t) = ^ ^(A„t(i,),t) • 

u^J(Ni/tNit-^) 

We deduce that ioipt = 4't(t) o ^ if and only if = tNft^^. □ 

(2) 

Remark 8.5. i o ipg ^ ipi(s) ° ^, except in the trivial case where t : Nq ^ \s an 

isomorphism, because sNis'^^ ^ Ne as the intersection of the decreasing sequence s'^Nis^'' 
for fc e N is trivial. 

For future use, we note: 

Lemma 8.6. The left or right o[NQ]-submodule generated by /^(Og) in Ai^Nq) is dense. 

Proof. As o[No] is dense in A{Nd) it suffices to show that the left or right A(iVo)-submodule 
generated by i{Os) in Kt{Na) is dense. This will be shown even with respect to the 
M.i{N[))-a,(\ic topology. 

Viewing A G Ki{Nq) as an infinite Laurent series A ~ X^nezAnA" with An G A(A'^) 
and lim„^._oo A,i = in the A^(A^)-adic topology of h.{Ni), and noting that the left, 
resp. right, A(A*'o)-submodule of Ki{Nq) generated by l{Os) contains A(iVo)X~™, resp. 
A~™A(7Vo), for any positive integer m, we use that for each n e N there exists fin in 
A(Aro)A-'", resp. A-™A(7Vo), for some large to, such that A - ^„ e X(>(iVo)". □ 

Let M be a finitely generated A<?(Afo)- module and let / : ©"=iA£(A'^o) -J- M be 
A£(A"o)-linear surjective map. We put on M the quotient topology of the weak topol- 
ogy on ®^^i^^i{No)] this is independent of the choice of /. Then M is a Hausdorfl[ and 
complete topological Af (Ao)-module, every submodule is closed ([12] Lemma 8.22). In the 
same way we can equip M with the pseudocompact topology. Again M is Hausdorff and 
complete and every submodule is closed in the pseudocompact topology, because Af (A^o) 
is noetherian. The weak topology on M is weaker than the pseudocompact topology which 
is weaker that the p-adic topology. In particular the intersection of the submodules p"M 
for n S N is 0. By IV. 3. Prop. 10, M is p-adically complete, i.e., the natural map 
M M/p^M is bijective. 

Unless otherwise indicated, M is always understood to carry the weak topology. 

Lemma 8.7. The properties a,b,c,d of section \6.5\ are satisfied by [a, AI) and M is com- 
plete. 

Definition 8.8. A finitely generated module M over Ai{NQ) with an etale semilinear 
action of a submonoid L' of Li^^ is called an etale L' -module over A£{No). 

We denote by 9}t^*^^^^^j (L') the category of etale L'-modules on Ae{No). 
Lemma 8.9. The category Dyf^^^j^^^^lL') is abelian. 

Proof. As in the proof of Proposition l3^ and using that the ring A^(A'o) is noetherian. □ 

(2) 

The continuous homomorphism £ : — > defines an etale semilinear action of 
on the ring AidiN^ ) isomorphic to Og. 

Definition 8.10. A finitely generated module D over Os with an etale semilinear action 
of is called an etale L^,-module over Og. 

An clement t ^ L^, in the kernel L^^^ of £ acts trivially on Os hence bijectively on an 
etale L»-module over Og. 
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Remark 8.11. The action of Ll^^ on D extends to an action of the subgroup of L 
generated by if L^^^ is commutative or if we assume that for each t £ Ll^^ there 
exists an integer k > such that s'^t^^ G L*. The assumption is trivially satisfied whenever 
= iJ n L+ for some subgroup H C L. 

Indeed, the subgroup generated by Ll^^ is the set of words of the form xf^ . . .x^^ 
with Xi G L^^^ for i = 1, . . . ,n. So if we have an action of all the elements and all the 
inverses, then we can take the products of these, as well. We need to show that this action 
is well defined, i.e., whenever we have a relation 

(54) x^\..xt'=yt'...yt' 

in the group then the action we just defined is the same using the x's or the y's. If L^^^ 
is commutative, this is easily checked. In the second case, we can choose a big enough 
k ~ X]r=i + % s\ic\\ that s'^'x"^ G L* and s'^^yj^ G L*. Then multiplying 

the relation by we obtain a relation in so the two sides will define the same 
action on D. This shows that the actions defined using the two sides of ([54]) are equal on 



fsiD) C D. However, they are also equal on group elements u G Nq hence on the whole 

We denote by DJIq^ the category of ctalc L*-modules on Of. 

Lemma 8.12. The category OTq^ (^*) abelian. 

Proof. As in the proof of Proposition and using that the ring Os is noctherian. □ 
We will prove later that the categories ^(i*) and fOT^f^^ATj,)!-^*) arc equivalent. 

8.3 Base change functors 

We recall a general argument of semilinear algebra (see [12]). Let A be a ring with a 
ring endomorphism ipA^ let B be another ring with a ring endomorphism ips, and let 
f : A ^ B he a, ring homomorphism such that / o = fB ° f- When M is an A- module 
with a semilinear endomorphism (p^/, its image by base change is the i?- module B®aj M 
with the semilinear endomorphism Lpg ® tpM ■ The endomorphism ipM of M is called etale 
if the natural map 

a (g) m !->■ a(pM{m) : A <SiA,:pA M ^ M 

is bijective. 

Lemma 8.13. When ipM is Stale, then ipB ® fM is Stale. 
Proof. We have 

B®B.VB {B^AjM) ^ B^A^VBof M ^B®fovs M ^B®aj {A®a,v, M) '^B^a.jM. 

□ 

Applying these general considerations to the L*-cqui variant maps £ : Ki{Nq) Os 
and ( : Og Ag{No) satisfying ^ o t = id (sec (HI])). We have the base change 

functors 

M ^ D(il/) Os ®A,iNo),i M 
from the category of A£(Afo)-modules to the category of O^-modules, and 

D ^ M{D) := AfiNo) ®Oe.i D 

in the opposite direction. Obviously these base change functors respect the property of 
being finitely generated. By the general lemma we obtain: 
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Proposition 8.14. The above functors restrict to functors 

When M G 5Jt^*^^^^-) the diagonal action of on D(A'f) is: 

(55) (ftifJ' ® m) = (pi(^t)it^) ® 'Pt{m) ioT t e L^, fi e 0£,m e M, 
When D G 9Jlg^ ^(i*), the diagonal action of M, on M(L») is: 

(56) ^t{X'»d)='ftW(i"ft{d) foi t e L^.,X e Ai{No),d e D . 
The natural map 

■■ M D(A/) , 4/(to) = 1 m 

is surjective, i»-equivariant, with a P*-stable kernel Alg :— Je{NQ)AI. The injective L*- 
equivariant map 

LD-.D^ M{D) , ti5((i) = 1 ® d 
is -04 -equi variant for t Cz (same proof as Lemma 18.41) . 

For future use we note the following property. 
Lemma 8.15. Let d E D and t <E L^,. We have 

_i j Loii'tiv-'^d)) if u ^ l{v) with V e N^^\ 

Proof. We choose a set J C of representatives for the cosets in N^^ / i{t)N^^ l{t)~^ . 
The semilinear endomorphism Lpt of D is etale hence 

d = '^VLpt{d^,t) where dy^t = iptiv^^d) . 

Applying ljj we obtain 

Laid) = ^ i{v)iD{^t{dvd)) ^ ^ i'iv)(pt{i'D{dv,t)) = ^ L{v)ipt{il^t{i-D{v'^ d))) . 

V V V 

The map t induces an injective map from J into Na/tNat^^ with image included in a set 
J{No/tNot^^) C A/'o of representatives for the cosets in N^/tNot^^ . As the action ipt oi t 
in M(_D) is etale, we have pT|) 

TO = uipt{m^ t)) where rriu f = ipt{u~^m) 

ueJ{No/tNot~i) 

for any m G M(Z3). We deduce that ipt{i.{v~^)LD{d)) = ioidy^t) when v € J and 
'ipt{u~^ L£,(d)) = when w G J {Nq / tNQt~^) \ b{J). As any element of A^g^'' can belong to a 
set of representatives of N^'' / l(t)N^^ iit)'"^ , we deduce that 'ijjt{i.{v~^)LD{d)) = LDidv,t) 
for any v G Ag^-*. For the same reason i})t{i{u~^)i£)(d)) = for any u £ Nq which does 
not belong to (,(7V^^^)<Aoi~^ □ 
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8.4 Equivalence of categories 

Let D e m^^^/L^). By definition B(M(L>)) = ®a,(jvo),£ (MNo) ®0£,l D), and we 
have a natural map 

M «) (A d) 1^ /i^(A)d : Og ®a,(Wo)/ (Ai'(iVo) (g)o£.,. D) ^ D . 

Proposition 8.16. The natural map D(M(£')) — > D is an isomorphism in 971^^ 

Proof. Tlie natural map is bijective because ^ o t = id : Os — > Kg^No) Os, and 
L*-equivariant because the action of t e satisfies 

(fitifi ® (A (8) d)) = (pe(t)itJ.) ® </?t(A (g) rf) = (pe{t)ilJ-) ® (vt(A) ® (y^tlrf)) , 

by (I55D, (IMl). □ 

The kernel Ng oi i : Nq Zp being a closed subgroup of A'o is also a p-adic Lie group, 
hence contains an open pro-p-subgroup H with the following property ([TT] Remark 26.9 
and Thm. 27.1): 

For any integer n > 1, the map h ^ is an homeomorphism of H onto an open 
subgroup Hn C H , and (i?n)n>i is a fundamental system of open neighborhoods of 1 in 
H. 

The groups s^Ngs-'^ for fc > 1 are open and form a fundamental system of neighbor- 
hoods of \ va Ng. For any integer n > 1 there exists a positive integer k such that any 
element in s^Ngs~^ is contained in hence is a p"-th power of some element in Ng. We 
denote by kn the smallest positive integer such that any element in s'''^Ngs~^^ is a p^-th 
power of some element in Ng. 

Lemma 8.17. For any positive integers n and k > kn, we have 

•f^'iMNo)) c Mg{Nor+^ . 

Proof. For u g Ng, and j £ N, the value at u of the p^-th cyclotomic polynomial $pi(u) 
lies in A^^(A^o) and 

n 
3=0 

lies in A4g{No)^^^ . An element v G s''Ngs~'' is ap"-th power of some element in Ng hence 
v-1 lies in MgiNoY^'^^ . The ideal JgiNo) of Ag{Na) is generated by u - 1 for u G iV^ and 
ip^{Jg{NQ)) is contained in the ideal generated by u — 1 for v G s^Ngs~''. As Aig{NQ) is 
an ideal of Ag{No) we deduce that (p''{Jg{No)) C X^(iVo)""^^- □ 

Lemma 8.18. i. The functor H is faithful, 
ii. The functor M is fully faithful. 

Proof. Obviously ii. follows from i. by proposition 18.161 To prove i. let / : Mi M2 be 
a morphism in an^*^^^^^) (i,) such that B(/) = 0, i. e., such that /(Afi) G Jg{No)M2. 
Since Mi is etale we deduce that f{Mi) C ^^ip^ {Jg(NQ))M2 and hence, by lemma 
I8.17( in pljj Mg{NQ)^M2. Since the pseudocompact topology on M2 is Hausdorff we have 
n„ Mg{NoYM2 = 0. It follows that / = 0. □ 
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Let M £ 97l^*^(^^)(L*). By definition, 

MD(Af) = Ae{No) ®Oe,^ (Of ®a,(7Vo),« M) = K^{No) ®k,(n„),,oi M . 

In the particular case where ~ is the monoid generated by s, we denote the 
category 9Jl^*^(^^) (L,) (resp. OTg^ by (resp. ,(^)). The category 

^t{N,)iL*) (resp. OTg^^(L,)) is a subcategory oi^f^^^^^i^) (resp. 9Jlg^^(^)). 

Proposition 8.19. For any M G 9}t^*^(-^^-j((p) i/iere is a unique morphism 

sMc/i that the composed map W{Qm) ■ "^^^^^ DMD(A/) = D(A/) is the identity. 

The morphism Qm, in fact, is an isomorphism. 

Proof. The uniqueness follows immediately from Lemma l8.18l i. The construction of such 
an isomorphism Qm will be done in three steps. 

Step 1: We assume that M is free over A£(7Vo), and we start with an arbitrary finite 
A^(A^o)-basis {eiji^i of M. By ((^ . we have 

M ^ {®ieii{0£)ei) ® {®^eIJ^{Na)ei) . 

The A^(A^o)-linear map from M to MD(M) sending to 1 (8) (1 (8) Cj) is bijective. If 
©ig/t(C'£)ei is tp-stable, the map is also (^-equivariant and is an isomorphism in the 
category DJl^'^^jy^-j ((^). We will construct a A^(7Vo)-basis {r]i)i£i of M such that (Bieii.{0£)r]i 
is (^-stable. 
We have 

Vi^i) = ^^jO'^J where aj,j G /.{Os) , hj G Ji{No) . 

If the are not all 0, we will show that there exist elements Xij G Je{No) such that 
ivOiei defined by 

'Hi • — ^ ^ ^ '^'f-J^j 7 

satisfies '^(jyi) = J2jei '^'-"^ « G /. By the Nakayama lemma ([1] II §3.2 Prop. 5), the 

set (rji)i^j is a A£(Afo)-basis of M, and we obtain an isomorphism in SH^'^j.^^-j ((^), 

Gm : l/^MD(Af) , e(?7,) = 1® (l(8)r;0 for i G / , 

such that B'(8j\/) is the identity morphism of B(Af). 
The conditions on the matrix X := {xi_j)ij,^j are : 

ip{Id+X){A + B) = yl(Id+A:) 

for the matrices A := {aij)ij(zj ,B := {bij)ij^i. The coefficients of A belong to the 
commutative ring l{0£). The matrix A is invertible because the A£(7Vo)-endomorphism / 
of M defined by 

/(ej) ip{e.i) for i G / 
is an automorphism of M as ip is ctale. We have to solve the equation 

A-^B + A-^ip{X){A + B)=X . 

For any fc > define 

Uk = A-\{A-^) . . . ip''-\A-^) ifi'^iA-'B) ip''-\A + B)...ip{A + B){A + B) . 
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We have 

A-^ip{Uk){A + B)^Uk+i . 

Hence X := X]fc>o ^ solution of our equation provided this series converges with 

respect to the pseudocompact topology of h.^{N()). The coefficients of A~^B belong to the 
two-sided ideal Ji[Nq) of A^(A^o)- Therefore the coefficients of Uk belong to the two-sided 
ideal generated by ip'^ {Ji{No)) . Hence the series converges (Lemma 18. 17p . The coefficients 
of every term in the series belong to j£{No) and Ji{No) is closed in A^(iVo), hence Xi.j G 
Jf(7Vo) fori,j £/. 

Step 2: We show that any module M in 9Jl^*^j.^^j ((/s) is the quotient of another module 
Ml in 9Jl^*^j.^^^((/3) which is free over Ae{No) . 

Let (TOi)ig/ be a minimal finite system of generators of the A£(Afo)-inodule M. As 
if is etale, {Lp(rni))i^j is also a minimal system of generators. We denote by (ei)ig/ the 
canonical A^ (7Vo)-basis of ®ig/A^(7Vo), and we consider the two surjective A£(7Vo)-linear 
maps 

f,g : ©jg/Af(iVo) M , /(e^) = m.^ , g{ei) = (p{mi) . 

In particular, we find elements m[ G il/, for i Cz I, such that g{m[) = (pijiii). By 
the Nakayama lemma ([T] H §3.2 Prop. 5) the {in'^)i^i form another A^(iVo)-basis of 
©jg/A£(iVo). The (/3-linear map 

iei iei 

therefore is etale. With this map, Mi := ©ie/A£(iVo) is a module in S[t^*^j^^j((^) which is 
free over A^(7Vo), and the surjective map / is a morphism in 93t^*^^^^-| ((^). 

Step 3: As Ki{Nq) is noetherian, we deduce from Step 2 that for any module M in 
^A£(7Vo)('^) have an exact sequence 

Ms 4 Ml A A/ -> 

in 9}t^*^j.^^^((/3) such that Mi and M2 are free over ^(^{Nq). We now consider the diagram 

, MD(/) , , MB(/') 

MD(A/2) — ^ MD(Afi) —U. MD(Ar) ^ . 

M I A 

/ /' ' 

M2 Ml *- M ^ 

Since the functors M and D are right exact both rows of the diagram are exact. By Step 
1 the left two vertical maps exist and are isomorphisms. Since 

©(M©(/) o Gm, - Oa/, o /)=©(/) o D'(eM.) - ©'(OmJ o D(/) = 

it follows from lemma I8.18l i that the left square of the diagram commutes. Hence we 
obtain an induced isomorphism Q m as indicated, which moreover by construction satisfies 

D'(eA/) = idD(A/)- □ 

Theorem 8.20. The functors 

are quasi-inverse equivalences 0/ categories. 
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Proof. By proposition 18.161 and lemma I8.18l ii it remains to show that the functor M is 
essentiaUy surjective. Let M g 931^*^^^^^^ (i*). We have to find a D e OT^^ i{L*) together 
with an isomorphism M = M(D) in COt^'^j-jy^^ (L,). It suffices to show that the morphism 
Qm in proposition 18. 191 is L^-equivariant. 

We want to prove that (8a/ o ip^ — tp^o Qm){iti) = for any m G M and t G L*. Since 
B'{Qm) = idD(M) we certainly have {Qoipt- iptoQ){m) G J(?(A^o)MD(M) for any me M 
and t G L^. We choose for any positive integer r a set J{No/Nr) C TVg of representatives 
for the cosets in iVo/^r- Writing ((TTl) 

m= ^ uip''{mu,s'-) , rriu.s^ ^ ■4'''{u^^m) 

ue.J{No/Nr) 

and using that st = ts wc sec that 

{Qm o (fit - iptoQM)im) ^ ^ iptiu)(p''{{QM ° - 'fit °'S)M)imu,s'-)) 

ueJ{No/N^) 

lies, for any r, in the A^(iVo)-submodule of MB(M) generated by ip'' { Ji{No))MB{M). As 
in the proof of lemmaHlllii we obtain Cl^^^ ip'' {Ji{No))Wm{M) = 0. □ 

Since the functors M and D are right exact they commute with the reduction modulo 
p", for any integer n > 1. 

8.5 Continuity 

In this section we assume that contains a subgroup Li which is open in and is a 
topologically finitely generated pro-p-group. 

We will show that the L*-action on any etale L*-module over A£{No) is automatically 
continuous. Our proof is highly indirect so that we temporarily we will have to make some 
definitions. But first a few partial results can be established directly. 

Let M be a finitely generated A£(A*'o)-module. 

Definition 8.21. A lattice in M is a K^Noj-suhmodule of M generated by a finite system 
of generators of the Ai(NQ)-module M . 

The lattices of M are of the form = A(A^o)™i for a set (mi)i<i<,. of gener- 

ators of the A (A^o)- module M. 

Wc have the three fundamental systems of neighborhoods of in A'l : 

r 

(57) (^ 0„,fcm, = MeiNoTM + MiNo)" MX,ken , 

r 

(58) (^ Bn,km, ^ Me{No)"M + xHd^.^keN , 

i=l 
r 

(59) (^ C„,fcm, = Mi{NQ)"M + A4),,^keN , 

i=l 

where is the lattice J2i=i A(A'o)A''^TOi, and is different from the set X^'Mq when Ng 
is not commutative. 

If AI is an ctalc L*-module over Af(Ao), for any fixed t G wc have a fourth 

fundamental system of neighborhoods of in M : 

C^'PtiOn,k)HNo)ipt{mi))n,kGf^ , 
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given by Lemma |8.1[ because {^tiTnijKKr is also a system of generators of the A^(A'o)- 
module M . 

Proposition 8.22. Let L' he a submonoid of Le^+. Let M he an etale L' -module over 
Ai{Nq). Then the maps tpt and ipt, for any t G L' , are continuous on M. 

Proof. The ring endomorphisms ipt of A^(A'o) are continuous since they preserve M.{Nq) 
and Ai{Ni). The continuity of the (pt on M follows as in part a) of the proof of proposition 
17.11 The continuity of the tpt follows from 

r r r 

i—l i—l i—l 

□ 

The same proof shows that, for any D £ maps (pt and ipt-, for any 

t E L^, arc continuous on D. 

Proposition 8.23. The L^-action x D ^ D on an etale L^-module D over is 
continuous. 

Proof. Let D be in OJl^^ e{L*). Since we know already from Prop. [8^22l that each individual 
ift, for i g L*, is a continuous map on D and since Li is open in it suffices to show 
that the action Li x D ^ D of Li on D is continuous. As D is p-adically complete with 
its weak topology being the projective limit of the weak topologies on the D/p^D we may 
further assume that D is killed by a power of p. In this situation the weak topology on 
D is locally compact. By Ellis' theorem ([8| Thm. 1) we therefore are reduced to showing 
that the map Li x D ^ D \s separately continuous. Because of Prop. 18.221 it, in fact, 
remains to prove that, for any d E D, the map 

Li — )■ D , g I — > gd 

is continuous at 1 G Li. This amounts to finding, for any d £ D and any lattice Dq C D, an 
open subgroup H <Z Li such that [H —\)d C Dq. We observe that (Ar™£)+-|_)mgz is a fun- 
damental system of Li-stable open neighbourhoods of zero in D such that IJ^^ X™D++ = 
D. We now choose an m > large enough such that d e X^'^D^^ and X™D^+ C Dq. 
The Li action on D induces an Li-action on X~™£'++/Ar™Z)-|_+ which is o-linear hence 
given by a group homomorphism Li Auto(>^~'"-D++/Ar'"£'-|__|-). Since D++ is a finitely 
generated o[[X]]-module which is killed by a power of p we see that X~"'D++/X"^D+^ 
is finite. It follows that the kernel H of the above homomorphism is of finite index in Li. 
Our assumption that Li is a topologically finitely generated pro-p-group finally implies, 
by a theorem of Scrre ([7] Thm. 1.17), that H is open in Li. Wc obtain 

{H - l)d C{H - 1)X-"'D++ C X"'D++ C Do . 

□ 

In the special case of classical {(p, r)-modules on Os the proposition is stated as Ex- 
ercise 2.4.6 in [T0| (with the indication of a totally different proof). 

Proposition 8.24. Let L' be a submonoid of Li,+ containing an open subgroup L2 which 
is a topologically finitely generated pro-p-group. Then the L' -action L' x A^(A'o) Ae{Na) 
on Ai{No) is continuous. 
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Proof. Since we know already from Prop . |8^ and l8^22l that each individual (pt, for t G L' , 
is a continuous map on Af(iVo) and since L2 is open in L' it suffices to show that the 
action L2 x A£(A^o) ^eiNo) of L2 on Ae{No) is continuous. The ring A^ (A^o) is Me{No)- 
adically complete with its weak topology being the projective limit of the weak topologies 
on the A£(A''o)/A^f(A'o)"Af (A'o). It suffices to prove that the induced action of L2 on 
A' = Ae{NQ) / Aii{NQ)^ is continuous. The weak topology on A' is locally compact since 
(B^ = {X''A{Nq) + Mi{No)") / Mi{No)"-)kei- forms a fundamental system of compact 
neighborhoods of 0. By Ellis' theorem ([5] Thm. 1) we therefore are reduced to showing 
that the map L2 x A' — > A' is separately continuous. Because of Prop. 18.221 it, in fact, 
remains to prove that, for any .t e A', the map 

L2 — > A' , g I — > gx 

is continuous at 1 G L2. This amounts to finding, for any x £ A' and any large fc > 1, an 
open subgroup H C L2 such that {H — l)x C B'^^. We observe that the B'^,, for k £ Z, are 
L2-stable of union A'. We now choose an m > fc large enough such that a; € B'_^. The 
L2-action on A' induces an L2-a'Ction on B'_^/B!^ which is o- linear hence given by a group 
homomorphism L2 Auto{B'_„jB'„J. Since B^ is isomorphic to o[[X]]iSioA{Ni) / M{Ni)"- 
as an o[[A']]-module, and A{N () / AA{N g)"' is finite, we see that B'^^-^/B'^ is finite. It follows 
that the kernel H of the above homomorphism is of finite index in L2. Our assumption 
that L2 is a topologically finitely generated pro-p-group finally implies, by a theorem of 
Serre ([7j Thm. 1.17), that H is open in L2- We obtain 

{H - \)x C{H- 1)BL,^ C C Bi . 

□ 

Lemma 8.25. i. For any M G 9Jt^*^(.jY^^j(i*) the weak topology on B(M) is the quo- 
tient topology, via the surjection £m ■ M D(A/), of the weak topology on M. 

ii. For any D G ei-^*) weak topology on M(Z)) induces, via the injection lo : 

D — >■ M.(D), the weak topology on D. 

Proof, i. If we write M as a quotient of a finitely generated free A£(iVo)-modulc then we 
obtain an exact commutative diagram of surjective maps of the form 

©r=iA,(Afo) 

The horizontal maps are continuous and open by the definition of the weak topology. The 
left vertical map is continuous and open by direct inspection of the open zero neighbour- 
hoods Bn^k (see (|50p). Hence the right vertical map £m is continuous and open. 

ii. An analogous argument as for i. shows that is continuous. Moreover t£) has 
the continuous left inverse ^m(d)- Any continuous map with a continuous left inverse is a 
topological inclusion. □ 

An etale L*-module M over A^(7Vo), resp. over Os, will be called topologically etale 
if the L*-action x M — >■ M is continuous. Let 9Jl^*^'|^^^j (L*) and 9}t^^'^^(L*) denote 
the corresponding fuU subcategories of 9Jt^*^j.^^^ (L*) and OJl^^ ei^*), respectively. Note 
that, by construction, all morphisms in DJl'^^^^^{L^) and in ei-^*) ^^'^ automatically 
continuous. Also note that by proposition l8^.S22f anv object in this categories is a complete 
topologically etale o[A'oi»]-module in our earlier sense. 



D(A/) 
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Proposition 8.26. The functors M and D restrict to quasi-inverse equivalences of cate- 
gories 

Proof. It is immediate from lenima l8.25l i that if acts continuously on Af G 9Jl^*^(.^^^j (L*) 
then it also acts continuously on D(Af). 

On the other hand, let D G 2rt^£ such that the action of on D is continuous. 

We choose a lattice -Do in ^ with a finite system (di) of generators. Given t G i* we 
introduce Dt := ■'^(-^o which is a lattice in D since the action of t on D is etale. 

Also Do + ft is a lattice in D. The A^(A^o)-inodule M(Z)) is generated by ld{Do) as well 
as by ld{Dq + Dt) and both 

(C„t_D(-Do))„eN and (C„t_D(Do + A))«6N 

are fundamental systems of neighbourhoods of in M(Z)) for the weak topology. To show 
that the action of on M(Z3) is continuous, it suffices to find for any t G i*,Ao G 
^i{N[)),dQ G Do I ?^ G N a neighborhood Lt C of i and n' G N such that 

(60) Lt.{\oiD{do) + Cn'iDiDa)) c t.Aoti,(do) + C„iD(Do + A) • 

The three maps 

A ^ Xioido) : AtiNo) M{D) 
d XoLoid) : D M{D) 
{X,d) ^ XLoid) : Ae{Na x D) ^ M{D) 

are continuous because ljj is continuous. The action of on D and on (A'o) is contin- 
uous fProp. [8^24)) . Altogether this implies that we can find a small Lt such that 

Lt-Xoioida) C t.XoLDida) + CnLoiDo + Dt) . 

Since is i»-equivariant we have, for any n' G N, 

LfC^uoiDo) = {Lt.Cn') LniLfDo) . 

The continuity of the action of on A£(A^o) shows that Lt-Cn' C C„ when Lt is small 
enough and n' is large enough. 

For d G Do we have Lt.A{NQ ')d C A(iVQ '){Lt.d). The action of L* on D is continuous 

hence, for any n' , we can choose a small such that Lt-d C t.d-l- C„, Do- We can choose 
the same Lt for each di and we obtain 

Lt.Do C ^ A(ivf + cl^,^Do . 

i 

Applying ld, we obtain 

LD{Lt.Do) C LD{Dt) + Cn'ioiDo) 

and then 

{Lt.Cn') LniLfDo) C C„/,z5(A) + C„C„,.z,(Do) . 
We check that CnCn' C C„,„+„' C C„ when n' > n. Hence when n' is large enough, 

Lt.{Cn'iD{Do)) C CnLD{Dt+Do) . 

This ends the proof of □ 
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Proposition 8.27. We have m%-^j{L^) = 9Jtg^^^(L,) and OTf;^^^^^) (i*) = mfff^j^^.^{L^). 

Proof. The first identity was sliown in proposition 18 . 23l The second identity follows from 
the first one together with theorem 18.201 and proposition 18.261 □ 

Corollary 8.28. Any etale L^-module over Ki[Nq), resp. over Og, is a complete topo- 
logically etale o[NQL^]-module in our sense. 

Proof. Use propositions [8?22] and 15:271 □ 

9 Convergence in L+-modules on Ae{NQ) 

In this section, we use the notations of sections\Sl where we assume that N is a p-adic Lie 
group. We assume that £ and l are continuous group homomorphisms 

i: P ^ P(2) ^ ^ . ^(2) ^ jsf ^ eoL = id , 
such that 1{L+) C L^^\ £{N) = N^^\ (i o ^)(iVo) C iVo, and 
(61) tL{y)t-^ = i{e{t)y£{t)-^) for y e N'-^\t G L . 

The assumptions of Chapter [H] are naturally satisfied with = L-|_. Indeed, the 
compact open subgroup iVo of is a compact p-adic Lie group, the group £{No) is a 
compact non-trivial subgroup A^q^'' of A^*^^' ~ Qp hence N^'^'' is isomorphic to Zp and is 
open in N^'^\ the kernel of £|jv„ is normalized by +. Note that normalizes l{N^'^^) 
since £{L+) normalises -/Vq^"* and ((6T|) . 

Let M G S!3t^*^j^^^j(-L+) and D G e(^+) related by the equivalence of categories 
(Thm.[5201), 

M = AiiNo) ^oe,. D ^ Ae{No)LDiD) . 

We will exhibit in this chapter a special family (T^ of compact subsets in M such that 
M(£s) is a dense o-submodulc of M, and such that the P-equivariant sheaf on C associated 
to the etale o[P+]-modulc Af(Cs) by the theorem 13.231 extends to a G-equivariant sheaf 
on G/P. We will follow the method explained in subsection 16.51 which reduces the most 
technical part to the easier case where M is killed by a power of p. 

9.1 Bounded sets 

Definition 9.1. A subset A of M is called bounded if for any open neighborhood B of 
in M there exists an open neighborhood B of Q in Ai^Nq) such that 

BAcB . 

Compare with ([12] Def. 8.5. The properties satisfied by bounded subsets of M can be 
proved directly or deduced from the properties of bounded subsets of Ag{No) ([T3] §12). 
Using the fundamental system ((58)) of neighborhoods of 0, the set A is bounded if and 
only if for any large n there exists n' > n such that 

{Mi{NqY'' + X"'A(7Vo))A C MiiNoY'M + X"Af" , 

equivalently X"'~"y4 C MdN^YM + Af°. We obtain (compare with ([H] Lemma 8.8): 
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Lemma 9.2. A subset A of M is bounded if and only if for any large positive n there 
exists a positive integer n' such that 

A C Mi{NoYM + X-"'m° . 

The following properties of bounded subsets will be used in the construction of a 
special family £s in the next subsection. 

- Let / : ©^=iA£(iVo) — >■ M be a surjective homomorphism of (iVo)-modules. The 
image by / of a bounded subset of ®1^i^i{Nq) is a bounded subset of M. For 
1 < i < r, the i-ih projections Ai C Af(7Vo) of a subset A of ©[=iAf(iVo) are all 
bounded if and only if A is bounded. 

- A compact subset is bounded. 

- The A(iVo)-module generated by a bounded subset is bounded. 

- The closure of a bounded subset is bounded. 

- Given a compact subset C in A^ (A^o) and a bounded subset A of M , the subset CA 
of M is bounded. 

- The image of a bounded subset by / G End;;""* (il/) is bounded. The image by £m 
of a bounded subset in M is bounded in D. 

- A subset ^ of is bounded if and only if the image An of A in D/p''^D is bounded 
for all large n. 

- When D is killed by a power of p, a subset A of D is bounded if and only if A is 
contained in a lattice, i.e. if A is contained in a compact subset (by the properties 
of lattices given in Section 17. 3|) . 

Lemma 9.3. The image by ld of a bounded subset in D is bounded in M . 

Proof. Let A C D be a bounded subset and let be a fixed lattice in D. For all ?i G N 
there exists n' e N such that A C p^D + by Lemma [9?2l Applying ld we 

obtain 

iD{A) c p'hoiD) + c MiiN^Y'M + 

where A/° = A{Nq)ld{D^) is a lattice in M. By the same lemma, this means that ld{A) 
is bounded in M . □ 

9.2 The module M,^"^ 

Definition 9.4. M^^^ is the set of m G M such that the set of lM{'il)^{u^^m)) for k G 
N, u G A^o is bounded in D. 

The definition of Af^'' depends on s because tp is the canonical left inverse of the action 
of s on M. We recognize m^^ = tp'^{u^^m) appearing in the expansion (jlip . 

Proposition 9.5. M^"^ is an Stale o[P-^-]-submodule of M . 

Proof a) We check first that AI^"^ is P+-stable. As M^"^ is iVo-stable and P+ = NaL+, it 
suffices to show that tm = (pt{m) G M^'^ when t G L^^ and m G M^"^. Using the expansion 
([TT|) of m and st = ts, for A; G N and no G Nq, we write 4''^{nQ^tm) as the sum over 

u G J{No/N^) of 

4u(^'=(m„_,.)) = i;''{n^Hut-^ip''{ipt{m^^s>'))) = i^'" {no^tut~^)'Pt{m^,s'') , 
and £M{tp''{n'f^^tpti'm'))) as the sum over u G J{No/Nk) of 
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where Vk,no •= ^('0'^("o ^^"^ ^)) belongs to N^"^^ or is 0. As m G M^''-, the set of iM{niu,s'') 
for fc G N and u G iVo is bounded in D. Its image by the continuous map Lpt is bounded 
and generates a bounded o[AfQ^'']-submodule of D. Hence V5t(m) S M^''. 

b) The o[P+]-module M'^'^ is i/i-stable (hence M^'' is etale by Coroharv lB-SOp because 
we have, for m e M^'^, u E No,k eN, 

(62) ^p''{u~^'^P{m)) = 'iP''+\ip{u-'^)m) . 

□ 

The goal of this section is to show that the P-equivariant sheaf on C associated to 
the etale o[P_|-]- module M^"^ extends to a G-equivariant sheaf on G/P. We will follow the 
method explained in subsection 16.51 

Put pn : M — > M/p"'M for the reduction modulo for a positive integer n. Recall 
that M is p-adically complete. 

Lemma 9.6. The o-submodule M^'^ C M is closed for the p-adic topology, in particular 

= ^(Mi"'/p"Mf ) . 

n 

Moreover M^'^ is the set of m G M such that pn{m) belongs to {M/p'''^M)f- for all n G N, 
and we have 

M^/ ^ \^{M/p''M)f . 

n 

Proof, a) Let m be an element in the closure of M^** in M for the p-adic topology. For 
any r G N, we choose mj, G M^"^ with m — m'^ G p"^ M . For each r, we choose r' > 1 such 
that tM{i^^[u-^m',.)) G p'D + X-'' D" for all G N, u G iVo, applying LemmaEl We 
have 

iAiii^Hu'^rn)) G £M{i'''{u-^m'^)+p'-M)=eM{i'\u-^m'^))+p'-D C p'' D + X-^^' D° . 

By the same lemma, m G A/J"*. This proves that M^"^ is closed in M hence p-adically 
complete. 

b) The reduction modulo commutes with ^m, "01 ^-nd the action of iVo. The following 
properties are equivalent : 

m G M^/, 

{lM{'4>^{u~^m)) for /c G N, M G N^} C D is bounded, 

{^M/p^M{'^^{u~^Pn{rn)y) for /c G N, u G iVo} C D/p'^D is bounded for all positive 
integers n. 

Pn{iTi) G [M / p^ M)^f for all positive integers n. 
We deduce that to h> (pn("i))n : M^** — > lim {M/p'^My'f is an isomorphism. □ 

Proposition 9.7. Z? = Df and Afj"' contains ld{D). 

Proof, i) We show that D = P's'*- By Lemma [9.61 we can suppose that D is killed by a 
power of p. Let d E D. By Prop. [7751 for n G N, there exists /cq G N such that ^''{v~^d) G 

for fc > ko,v G iVg^^ As L»' C is bounded, and as the set of '0'=(w"^d) for aU 
< fc < fco,w G Nq'^\ is also bounded because the set of v^^d for v G N^'^'' is bounded 
and ■0'^ is continuous, we deduce that d G D^/. 

ii) Wc show that M^"^ contains ld{D) by showing 

{£M{i^''{.u^^iD{d))) for fc G N,w G A^o} = {V'^w"^^) for G N, w G A^i^^^} 
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when d E D (the right hand side is bounded in D by i)). We write an element iVo as l{v)u 
for u in Ni and v e N^^\ By Lemma [51^ 

when u G s'^W^s"*^ and is when u is not in s'^Nes^'^. When u G s'^Ngs^'^ we have 
£m {s~'''u~^ s'^'ip'^ {LD{v~^d))) = ip''{v~^d) as ad is V'-equi variant. □ 

Proposition 9.8. Af^'' is dense in M 

Proof. M^'^ C M is an o[Afo]-submodule, which by Proposition 19.71 contains ld{D). The 
o[A^o]-submodule of M generated by ld{D) is dense by Lemma l8^ □ 

We summarize: we proved that Mg"^ C M is a dense o[iVo]-submodulc, stable by L+, 
and the action of on A/j"^ is etale. 

Remark 9.9. It follows from Lemma [9.61 and the subsequent proposition 19.101 and that 
Mj"* is a A(7Vo)-submodule of M. 

9.3 The special family (ts when M is killed by a power of p 

We suppose that M is killed by a power of p. 

Proposition 9.10. 1. For any lattice Dq in D. the o-submodule 

M^/{Do) := {m G M \ £m(^/'''(u" V)) G Do for all u e Nq and k G N}. 

of AI is compact, and is a ^j-stahle A{NQ)-submodule. 

2. The family of compact subsets of AI contained in M^'^{Dq) for some lattice Dq of 
D, is special (Def.\EIW, satisfies £(5) (Prop.\K^ and £(6) fProv. [K^) . andM{t,) = M^^"^ 
is a A(NQ)-submodule of AI . 

Proof. 1. a) As £ and ijj are continuous fProposition l8.22p and Dq C D is closed, it follows 
that M^'^{Do) is an intersection of closed subsets in AI, hence AI^'^{Do) is closed in AI. 
As AI^'^{Do) is an o[A^o]-submodule of AI and o[No] is dense in A(iVo) we deduce that 
AI^'^{Do) is a A(7Vo)-submodule. It is ^-stable by The weak topology on AI is the 
projective limit of the weak topologies on M / M^{Nq)'^M , and we have ([5] 1.29 Corollary) 

A/f (Do) = \^{All\Do) + Mi{NoTAI)IMt[NQyM . 

n>l 

Therefore it suffices to show that 

{Al'/{Do) + Me{NorAI)/MdNorAd 

is compact for each large n. We will show the stronger property that it is a finitely 
generated A(A'^o)-inodule. 

b) We prove first that AI^'^(Do) is the intersection of the A(7Vo)-modulcs generated by 
the image by ip'^ of the inverse image £^/(Z3q) of Dq in AI, for k gN, 

(63) AI^'^iDo) = fl A{No)v^''{rJ{Do)) . 

The inclusion from left to right follows from the expansion ([TT|) . as to G AI^'^{Dq) is 
equivalent to m^i^fc = 'ip^{u''^m) G £^j{Do) for all u <E Nq and k <eN. The inclusion from 
right to left follows 

4fV''=w^'(A(Afo)/(V(^o))) =i^o . 
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c) We pick a lattice Mq of M such that IiI{Dq) = AIq + Je{No)M, as Ji{No)M is the 
kernel of in- By Lemma [8.171 we can choose for each n g N a large integer r such that 
ip''{Ji{No)M) C MeiNo)"M. Therefore we have 

M'/iDo) C A{No)^'-iMo + MNo)M) C A{Na)^^Mo) + MiiNo^M . 

We deduce 

{M'/{D„)+M,{NorM)/Mi{NorM C (A(iVo)^'^(A/o) + Al,(iVo)"M)/A^,(iVo)"Af . 

The right term is a finitely generated A(A^o)-niodule hence the left term is finitely gener- 
ated as a A(iVo)-module since A(A^o) is noetherian. 

2. The family is stable by finite union because a finite sum of lattices is a lattice. If 
C e€s then NqC e €s because M''/{Dq) is a A(iVo)-module. We have 

M{€s) = yJD,Mt''{Do)^Mt\ 

when Do runs over the lattices of D, the last follows from the fact that a bounded subset 
of D is contained in a lattice (this is the only part in the proof where the assumption that 
M is killed by a power of p is used). Apply Prop. 19.51 

Property £(5) is immediate because M^'^{Dq) is -0-stable. Property £(6) follows from 
ip{M''/{Da)) C M''/{Ds) where Ds is the lattice of D generated by <^(I?o) (this uses the 
part a) of the proof of Prop. 19. Sp . □ 

Proposition 9.11. All the assumptions of Prov. I6'.6i| are satisfied 

Proof, a) Proof of the convergence criterion. 

The lattice A/++ := K{No)ld[D++) of M satisfies ^m(M++) = D++ , and is (p-stahle 
(because A(A^o) is (^s-stable, ld and commute, and D++ is (^-stable). 

A lattice in D is contained in X~'^D^^ for some rt S N, and C G £s is contained in 
Ml<^{X-'^D++) for some n G N. An open o[7Vo]-submodule M of Af contains Mt[KoyM+ 
X''Af++ for some r S N. Let C+ be a compact subset of L+. Wc want to find a compact 
open subgroup Pi C P+ and an integer /cq > such that, for k > ko, 

s\l - Pi)C+ip\C) c M . 

It suffices to find Pi and /cq when 

C = M^/{X-''D++) , M = MeiAoYM + X''M++ 

for large r. 

Let r G N. As £ is continuous, £{C+) is a compact subset of ■ By the contimuty of 

(2) (2) (2) 

the action of P| on D there exists a compact open subgroup P^ C P\_ such that 

(1 - p^'^^)£{c+)x-''D++ c A:''i:>++ . 

We deduce that for all A; G N we have 

s'=(l - ^)^(C+)A:-'-D++ C ip''{X'-D++) = /(X'-)/(D++) C X''P»++ , 

where the last inclusion follows from (/j(X'')A(7Vo) C X'AiNo) and f{D++) C 1?++. 

We choose, as we can, a compact open subgroup Pi of P+ such that ^(Pi) C Pi . For 
any k' G N, we have 

lAiis'^il ~ Pi)C+il:^\Ml'^iX-'-D++))) C X'-D++ . 



79 



The inverse image of X'D++ by is X''M++ + Je{No)M, and we have 
(64) - Pi)C+i;'''iM^'^{X~''D++)) C X''Af++ + Je{No)M . 

The module X'^AI'^'^ is (/s-stablc because 

(^(X''M++) = ip{X'')ip{M++) C v:>(X'')Af++ C X''M++ . 
We choose fco £ N such that (Prop. [STf]) . for k > k^. 

Applying s'^" to (|64)) for any fc G N we obtain 

/^+fco(i _ Pi)C+V''^''(Mf(X"'' £»++)) c MiiNoY + X''M++ 

Then, taking k' ~ k + ko, we obtain 

- Pi)C+i'''iM^/iX-'-D++)) c MeiNoY + X'-M++ 

for all fc > fco- This ends the proof of the convergence criterion. 

b) Proof that 'Hg(m) belongs to M^'^ when m e and .g e NqPNo. 
We have to show that the set 



is bounded. In general is not complete and M is complete, the convergence criterion 
implies that the sequence ('Hg'^^ (m))^^^(o) (see (f28| . (HU) converges to Hgim) G A/. 
Given an integer fcg and we write, for a: G N, 

As ip^iM arc continuous, the action of n^^ G A^o is continuous, we have 

eMirino'ngim))) = iMirino'n'f+''^\m))) + ^ ^M(^^(no"'4'H™))) ■ 

Let r G N such that p^j^M — p^j^D = 0. It suffices to find an integer kg such that 

is bounded and such that, for all x G N and k > x + kg,nQ E Nq, 

V{no^sf\m)) C Mt{NoYM + M++ , 

(because ^m{Mi{NoYM + A/++) = D++ is bounded). 

We explain how one chooses kg in order to ensure the inclusion. First, we choose a 
lattice Do of D such that m G M^'^{Dq). By (HD), it suffices to show that for a compact 
open subgroup Pi C Pq wc have 

V;"iVos'=-'=«" (1 - Pi)AgSi/.'=+iiVoM'''(^o) C Mt{NoYM + A/++ , 
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for .T e N and for k > kf\Pi) > k'-p (Lemma ES]). When k - k^^ > x the left hand side 
is contained in 

7Vos'=-'=^"-"(l - Pi)C+Aff (Z?o) 

where KgS = C+ is a compact subset of L+ because ij:^ Nqs^^^''^ ' (to) C Nqs^^^'s '~^(to) U 
{0} for TO e M and Nq{M^/{Dq)) C M^/{Dq). By the continuity of the action of Pq 
on M and the compactness of C+Mg'^{Do), we choose Pi such that 

(1 - Pi)C+Al'/{Do) C A^,(iVo)''7\f + M++ , 

(2) 

and we choose kg kg (Pi). We have 

- Pi)C+A/f (Do) C 7Vos*'"*'''''~"(>(£(iVo)''M + M++) 
C MeiNoyM + M++ . 

such that for k > kg + x this inchision is satisfied. 

We show now that the set of ini'ip^ inQ^'Hg^^'^''\m)) for no S Nq,x S N is bounded 
in D. Indeed, applying ip^n^^ to 

n^g^+'^^Hm) = n(5,«)<(5,zi)^-+'=«(m„,,+,J 

n[g,u)ip''+''o[t[g,u)mu,x+k,) , 

we obtain 

rino'n<g-^''^Hm))= ^^(«o'n(5,«))/«(i(5,u)m„,,+,J . 

Each summand in the right hand side is contained in the compact set NoC'^M^'^{Do) where 
C'_f_ — s''s't{g, Ug) is compact in _L+ because kg > kg^^ ; the image by £m of NqC'^M!^'^{Dq) 
is compact hence bounded in D. The o-submodulc of D generated by Im{NqC'_^M^'^{Dq)) 
is also bounded. 

c) The family £s satisfies the last assumption of Prop. 16.81 

We have seen in b) that there exists an integer kg = kg{Do) such that 

(65) U ^MoV"(7VoHf (Aff(i?o)) 

{x^k),0<-x<.k — kg 

is bounded. Hence it suffices to show that the set 

(66) \J Im o r (A^oHf ) (Aff [Da ) ) 

is bounded. Then the above two sets ([SS)) and will lie in a common lattice Di of D, 
hence ui''\M^/{Do)) C M^'^(Di) for aU k > kg. 

Let TO be in AI^'^{Dq) and no G A^o- For x > k — kg, wc write 

u£j{UJNk) 
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Each summand in the right hand side is contained in ip^ {A{No)C\_M^''-{Do)). By 
hence 

= A(7Vo)C;V(^o) . 



The image by in of A{No)C+e]^j{Do) is A{N^ ')£{C'_^)(Do) which is bounded in D because 



eiC\_) C L^^^ is compact. □ 



9.4 Functoriality and dependence on s 

Let Z(L)|| C Z{L) be the subset of elements s such that L = L^s^ and {s'^ Nqs^'^)^^^ 
and (s~'^i(JoA'oU'(7^s'^)j,gz are decreasing sequences of trivial intersection and union N and 
woNwq^, respectively (see sectionlHl). 

Let Af be a topologically etale L+-module over A£(A'o) and let D :— ©(A/). We have 
D/p"D ~ ]D)(M/p"M) for n > 1. By Lemma [8.71 M satisfies the properties a,b,c,d of 
subsection 16.51 and is complete (the same is true for M/p^M). The image i?o,n in D/p"D 
of any lattice Do,n+i in D/p"^^D is a lattice and the maps £ and ip commute with 
the reduction modulo p", hence {M/p"'+^M)''/{Do^„+i) maps into {M/p"M)''/{DQ^n). 
Therefore the special family €s.n+i in M/p'^^^M maps to the special family £s_„ in 
M/p"M. As in Lemma [6. 131 we define the special family in M to consist of all compact 
subsets C C M such that p„(C) G £s,ti for all n > 1. By Prop. lOTTOl and Lemma [9.61 we 
have 

M(e:,) = Afj"' . 

Theorem 9.12. Let s G Z{L)^^ and M G Xf^(^^^)(L+). 

(^ij T/ie (s,res, ^s) -integrals Hg^s of the functions ag^oU/'"* for g G NqPNq exist, lie in 

Endo(M,^''), and satisfy the relations HI, H2, H3 of Prop. \5l^\ 
(a) The map M ^ {M^'^, i'Hg,s)geNoPNo^ functorial. 

Proof, (i) By Prop. [9?Tl1 the assumptions of Prop. [6?T5] are satisfied. 

(ii) Let f : M ^ M' be a morphism in A^^*^(.^^j(i+). For m G M we denote Es{m) = 
{XAi{tp^u~^m) for u G iVo, k G N}. We have 

(67) B{f){Es{m)) = Es{f{m)) when m e M , 

because the maps Xm : M ^ D and Xm' '■ A/' — > D' sending x to 1 ^ x for x £ M or 
X G M' satisfy A^^o/ = D(/)oAm, and / is P^-equivariant by Lemma [3. 71 Any morphism 
between finitely generated modules on Os is continuous for the weak topology (cf. [I2] 
Lemma 8.22). The image of a bounded subset by a continuous map is bounded. We deduce 
from ([67ll that Es{m) bounded implies Es{f{m)) bounded, equivalently m G M^"^ implies 
/(m) G M'^'"^. For m G M^'' we have f{Ug,s{rn)) = UgMi^)) where 

'^ff,s(-) = lim V n(g,w)(y9t(g.„)^f=-0N~^(-) ; 

MeJ(Wo/s'=Wos-'') 

because / is P-|_ and P_-equivariant by Lemma 13.71 □ 

We investigate now the dependence on s G Z(L)|| of the dense subset AfJ"' C M and 
of the (s, res, £s)-integrals 'Hg,s- 
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Lemma 9.13. Z{L)^^ is stable by product. 

Proof. Let s, s' e ^(L)tt- Clearly L_s'" = L^s^'^s'^s"' C L_(ss')" because L_ is 
a monoid and s^^ £ Z{L)^ = ^(^) ri Therefore i = i_(ss')^. The sequence 
{{ss')^ Ni^{ss')^'')kei is decreasing because 

The intersection is trivial and the union is N because s'^^s^Nqs^^s'^'^ C s^Nqs~^ when 
A: G N and s'^ s^ Nos~^ s'~^ D s^N[)S~^ when —A: e N. One makes the same argument with 

Lemma 9.14. (i) The action of ta G I^^IL^q ^) n on _D is invertible. 
(a) There exists a treillis Dq in D which is stable by £^^{L^q ^) H L+. 

Proof, (i) is true because the action of to on D is etale and -/Vg^-* = £{to)NQ'^'' iito)"^ ■ 

(ii) Let s S Z{L)^-^ and let ips be the canonical inverse of the etale action ips of s 
on 13. We show that the minimal i/'s-stable treillis Z)^ of 13 (Prop. I7.2r iii)) is stable by 

For to e 

we claim that Lptg{D'^) is also a V's-stable treillis in D. We have 
tpstpto = "0*0 V's as to e Z(L). Muhiplying by tptg on both sides, one gets (ptQips^ta^ta — 
ipto'4'to'4's'^ta- Since ijjt^ is the two-sided inverse of Lpt„ by (i) we get that Lpto and ips 
commute. Hence ipta[D^) is a compact o-module which is ■i/'s-stable. It is a A(A^q^'')- 

(1') (2) 

module because any A G A(iVg is of the form A = ipi(^to){l^) for some S A{N^ ') and 
Xiftoid) = (ftoilJ'd) for all e 13. As Z?'' contains a lattice and (pto is etale, we deduce that 
(ptg(Z)'') contains a lattice and therefore is a treillis. By the minimality of we must 
have 

Similarly one checks that iptgiD''^) is a treillis. It is ipg-stable because ^ps and ^ptg commute. 
Hence 

Applying ipto which is the two-sided inverse of tpto we obtain (pto{D^) C hence = 
^toiD^) ■ □ 

We denote by Z{L)^ C Z{L) the monoid of z G Z{L)+ = Z{L) n L+ such that 
2;~-^woA'"oWo ^2 C woNqWq^. We have Z(L)f|Z(L)f C 

Note that L^^^ contains the center of GL(2,Qp) and that Z{L^'^'>)^ = L^^ 
For m G t G L^^u G [/, and a system of representatives J{No/tNotr^) c A^o for 
the cosets in No/tNot"^ we have pT|) 

(68) m= ^ , ^j,t,u ■= Vti>tiu^^m) . 

uGJ{No/tNot-i} 

For (7 G NoPNo and s G Z(i)|.|-, we have the smallest positive integer kg^l as in (P7| . For 
fc > fc^^s; ■^'e have 'Hg^s,j(No/Nk) ^ End™"*(M) where (compare with (pS]) ) 

(69) ^ff,s,j(Wo/Arfc)(m) = ^ n{g,u)t{g,u)fi^k^y, . 

MeJ(c/g/7Vfc) 

When m G A/^^, the integral Hg.sim) is the limit of Hg,s,j(JVo/JVfc) (™) by Theorem 19.121 
and (Uni). 
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Proposition 9.15. Let s e tg G £ ^(Lq ) H Z{L)^ and r a positive integer, 

(i) We have M^J^ C M^/ = M^. 

(a) For g € NqPNo we have Hg,s = Ug^sta on M^f^ and Hg.s = Hg^s- on Mf. 

Proof, a) Note that stg and s"^ in the proposition belong also to 

For a treillis Dq in D which is stable by ^-^(lJ)^^) n L+ (Lemma IHI), {X'^'^'^)-'' Dq is 
a treillis in D; it is also stable by t^ e £^^(iQ^'') n L+ because 

^,(,„)((X(2))-'-A(ivf )) = ^,(,„)((X(2))-)^,(,^^)(A(7vf )) = (X(2))-'-A(7vf ) . 

When M is killed by a power of p, this implies with Prop. I^TTUl that M'^'^ is the union 
of M^'^(Do) when Dq runs over the lattices of D which are stable by £"1(^0^^) n L+. 

b) We suppose from now on, as we can by Lemma that AI is killed by a power of 
p to prove M^J^ C M^'^ = M^. Let m G M'^f^{Do) where Dq is a ^"H-^o^^) n L+-stable 
lattice of £>. For u G Nq and fc e N, using pT|) for t = we obtain that 

i'e./{Wo/tgAfoto''=) 

e{v)^i{hM,Mi^-')u-'m))) 

veJiNo/t^Not-'') 

lies in Dq, since Dq is both A^q^'- and (/Jt,, -invariant and £M('0sio('"''^)) ^ for u' G A^o- 
Therefore M^i[{Do) C Mf[Do) and by a) we deduce M^f^ C Mj"^. 
For any m G Af we observe that 

{£M(V's-(u~^m) for A: G ^,1* G iVo} C {^./(V's (u^^m) for G N, it G iVo} , 

as = V'l''- We deduce that M^/{Do) C M''J{Dq) for any lattice of Z? hence 
M^/ C A/^^. Conversely, for fci G N we write /ci = rfc - /c2 with A; G N and < fc2 < r and 
we observe that 

The A(A^Q^-')-submodule generated by Vs(^o) is a lattice because the action ips 

of s on D is etale. We deduce that M^^^{Do) C M^^'^{Dr) since ^^/(^'^.(u'to)) G for 
u' G No,m. G M^^{Do). Therefore M^;^{Dq) C M^'^iDr) hence Afj'.'' C Af^"^. It is obvious 
that Hg^s = on Afj"'. 

c) Let g G A^o^^A^o, k > G £"H4^^) ^ ^(-/-)t and r > L We have 

z,(o) < 2,(0) 1.(0) < ,.(0) 

because (s<o)'=A^o(sio)~'' C Nk and (s'-)'=Aro(s'')"'' = Nkr C TV^. 
Let d in 13 and v G Nq. By ([TT]) we have 
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with the second equahty holding true summand per summand, because is the left 
and right inverse of ipto on D (Lemma 19.141 (i)) and £{tQ)NQ'^^ £{to)^^ = ^o^''- Since ld 
commutes with ipt and ipt for t G L+, this implies 

VL{u)ip';o^'^{L{u)-hDid)) , 

again with the second equality holding true summand per summand. We choose, as we 
can, system of representatives J{No/ (sto)^ No{sto)~'') and J{No/s''Nos~'') containing 
L(J{N^'^''/£{s)''N^^k{s)''')). For k > > k'fl^, we obtain 

'^g,sto,vJ{Na/{sto)''No{sto)-'')i'"''D{d)) = 'Hg^s,vJ{Na/s'' Nos-''}(,''Jt'Did)) . 

Passing to the limit when k goes to infinity, and using linearity we deduce that Hg.sto = 
Hg^s on the o[7Vo]-submodule < Nqld{D) >o generated by ld{D) in M^f^. 

d) Let TO e M^*"^(I?i) with Di C D a V's-stable lattice (Prop. [72] (iv)). For a positive 
integer k, and a set of representatives J{No/s''Nos~''), we write m in the form pTjl 

TO= uipg{LD{d{s,u)) + m{s,u)) 

ueJ{No/s''Nos-'') 

with m{s,u) in Ji{Nq)M and d{s,u) ~ lM{'>Ps{u~^m)) in Di. Then 

to(s) := ^ u(/3^(i£i(cJ(s, u))) lies in < 7VotD(Z?) >o 

tieJ(Wo/s''JVos-'=) 

because is L+-equivariant. Moreover m — to(s) is contained in the o[A'o]-submodule 
No(p';{Ji{No)M) generated by (^^(J^(iVo)A/). We show that 

(70) to(s) e A/f (i?i) . 

For V E No and r < k we have 

'0s'(«"^(w-to(s))) =^/'^('i;"^ X! 

iie./(JVo/s'=Afos-'=) 
ueJ{No/s''Nos-'') 

which lies in Ji{No)M since m{s,u) is in Ji{Nq)M and Je{No)M is iVo and t/Jg-stable. 
This shows that £M{ipl{v~^m{s))) = £M{'4'l{v~^'m)) lies in Di. On the other hand, for 
r > fc we have 

£Af(^r(^;-^m(s)))=£M(^r(t'-^ E uip^Didis^u))))) 

ueJ{No/s''Nos-'') 

E 4./(^r'(V'.'(^^-'")iz.(d(5, 

M6J(Afo/s'=Afos-'=) 

which lies in Di. Indeed, since Di is i/ig-stable the formula in part ii) of the proof of Prop. 
19.71 implies that od{Di) C M^'^{Di); hence the Lo{d{s, u)) lie in the V's- and A'o-invariant 
subspace M^^'^{Di). We conclude that m{s) e M^'^{Di). 
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Therefore, for any -034,-, -stable lattice Di C D, any fc > 1, and any set of representatives 
J{No/ {sto)'' NQ{stQ)~''), we have defined an o-linear homomorphism 

such that 

(71) m - m{sto) S M'J^{D,) n ( J,(7Vo)M). 

By c) we have ng,sto{m{sto)) = Hg,s{m{stQ)) for m € M^J^{Di). 

e) To end the proof that Hg^sta = 'Hg^s on M^f^{Di) we use the Cg-uniform con- 
vergence of i'Hgsk j(^]\[g/gkj^s-k-f)k- We fix, for any A: > 1, systems of representatives 
J{No/{sto)''No{sto)~'') and J{No/ s'^Ns^''). We also choose a lattice Do C D which is sta- 
ble by nL+ and such that Di C Do- We recall that M^^^{Di) is compact (Prop. 
[9T0l i)) and that M^f^{Di) C M^J^{Do) C M^'^{Do) by b). For any open A(iVo)-submodule 

in the weak topology Mq C M, there exists a common constant ko > kg^l > k^^ltg (by c)) 
such that for k > ko, 

(72) '^g,(sto)^./(A'o/(sto)'=A'(sto)~'') ^ ^S,sto + (^'^sfo (-^1 ) ' *^o) 

(73) 'Hg,s'',J{No/s''Ns-''} e Wg,s + -E^(^-4^''o(-^l)' *^o) • 

On the left hand side of ([7^ . ([75]) . we have continuous endomorphisms of M. By Lemma 
I8.17i there exists an integer ki > ko such that they send No^'^tg{J£{No)M) into Mq. 
Therefore, for m £ M^f^{Di), they send the element m — m{sto) associated to ki and 
J{No/iisto)''^ No{sto)~''^) as in d) ^ into Afo hence 

'K-g.stai'n^ ^ iTT-isto)) and 'Hg s{m — m{sto)) lie in Afg- 

By d) we obtain that Hg^stoii^) ~ Hg^s^{m) lies in A/q for to G M'^f^{Di). The statement 
follows since we chose Mq to be an arbitrary open neighborhood of zero in the weak 
topology of M . □ 

Definition 9.16. We define the transitive relation si < S2 on Z{L)^^ generated by 

si = 52^0 for to e £^^{lI^^) n Z{L)ij or s^^ — for positive integers ri,r2. 
Proposition 19.151 admit the following corollary. 
Corollary 9.17. Let si,S2 G Z{L)^^. 

i) When si < S2 we have M^f C A/j',^ and Hg.si = Ug^s^ on M^f. 

ii) When the relation < on Z{L)^^ is right filtered, we have T-Lg.si = ^g.s2 on Af^J^HAf^^. 

Proof, i) If si < S2 then there exists, by definition, a sequence si = s'^ < s'2 < . . . < s'^ = 
S2 in Z{L)ij-^ such that each pair s^, s^_^_^ satisfies one of the two conditions in Def. 19.161 
Hence we may assume, by induction, that the pair si, S2 satisfies one of these conditions, 
and we apply Prop. 19.151 

u) When there exists S3 g Z{L)^^ such that si < S3 and S2 < S3, by i) M^f and M^^ 
arc contained in M^^j and Jig^si = 'Hg,s., = Hg^s^, on Afj-f n M^';^. □ 

Proposition 9.18. We assume that the relation < on Z(L)^^ is right filtered. Then, the 
intersection and the union 

sG2(L)tt seZ(L)tt 

are dense Stale L^-submodules of M over A(No). 

For g S NoPNq the endomorphisms Hg G Endo(A/y'^) equal to T-Lg.s on A/j"^ for each 
s G Z{L)^^, are well defined, stabilize Mff and satisfy the relations HI, H2, H3 of Prop. 

EI3 
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Proof. is an L-|.-submodule of M over A(iVo) by Prop. [9?5] and Remark 19.91 It is 

dense in M by Prop. l9T7l and Lemma The action of L+ on is etale because 
is L_-stable. When < is right filtered, A/^'' is a A£(7Vo)-module by Cor. l9Tfl i). For the 
same reasons than for M^, it is an etale L-|_-submodule of M over A(A^o)- 

By Cor. I9.17l the Tig are well defined and stabilize M^. They satisfy the relations HI, 
H2, H3 of Prop. [Sm because the Ug^s satisfy them (Theorem |9T2| . □ 

We summarize our results and give our main theorem. 
Theorem 9.19. For any s G Z{L)^^, we have a faithful functor 

Ys ■ A^^*^(^^jj(L+) — > G-equivariant sheaves on G/P , 

which associates to M g A1^*^^^^^^(L-|_) the G-equivariant sheaf ^Tfs on G/P such that 
2)«(Co)=Mf. 

When the relation < on Z{L)^^ is right filtered, we have faithful functors 

Yn, Yu : A^^*^(^^-| G-equivariant sheaves on G/P , 

which associate to M e A^^*^^^^^ the G-equivariant sheaves 2)n o,i^d 2)u on G/P with 
sections on Co equal to 2)n(Co) = AI^ and 2)u(Co) ~ . 

Proof. The existence of the functors results from Prop. I9.18[ Theorem 19.121 Prop. 15.141 
and Remark 15.111 

We show the faithfulness of the functors. For a non zero morphism / : A/ — > M' in 
■^Af(No)(^+)' ^^^^ fi^n) because / is continuous ([H] Lemma 8.22) and Ml^f 
containing A{No)ld{D) is dense (proof of Prop. 19. 8p . We deduce Yn(/) ^ since it is 
nonzero on sections on Cq. A fortiori Ys(/) 7^ 0, and Yu(/) 7^ 0. □ 

10 Connected reductive split group 

We explain how our results apply to connected reductive groups. 

a) Let be a locally compact non archimedean field of ring of integers op and uni- 
formizer pp. Let G be a connected reductive _F-group, let be a maximal i^-split subtorus 
of G and let P be a parabolic P-subgroup of G with Levi component L containing S and 
unipotcnt radical TV. Let X*{S) be the group of characters of S, let $l, resp. $, be the 
subset of roots of 5* in L, resp. G, and let ^-i-,n be the subset of roots of S" in (we 
suppress the index A^ if P is a minimal parabolic P-subgroup of G). 

Let s be any element of S{F) such that a{s) = 1 for a G $l and the p-valuation 
of a{s) G P* is positive for aU roots a G ^-\-,n- For any compact open subgroup Nq 
of N{F), the data {P{F), L{F), N{F), Nq, s) satisfy all the conditions introduced in the 
section on Stale P^-modules JJ)), (13. the assumptions introduced in the section\^ and 
in the section\^ 

b) We suppose that P is a minimal parabolic P-subgroup. Let W C Nc{L) be a system 
of representatives of the Weyl group Ng{L)/L and let wq = is the longest element of 
the Weyl group. The data {G{F), P{F),W) satisfy the assumptions of the section\Elon 
G-equivariant sheaves on G/P. 

c) We suppose until the end of this article that 

P = Qp, G is Qp-split and P is a Borel Qp-subgroup. 
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The Levi subgroup L ~ T of P is a spht Qp-torus. The monoid of dominant elements and 
the submonoid without unit of strictly dominant elements are 

T{Qp)+ = {te T{Qp), a{t) G Zp for all a € A} , 
TiQp)++ = {te T{Qp), ait) e pZp - {0} for ah a e A} . 

With our former notation Z{L) = T{Qp), Z{L)^^ = r(Qp)++. For each root a 6 $, let 

(74) : Qp ^iVa(Qp) , tu^{x)t-^ ^ u^{a{t)x) for x G Qp, i G T((Qp) , 

be a continuous isomorphism from Qp onto the root subgroup N^^Qp) of N{Qp) normal- 
ized by T((Qp). Wc can write an element u € N{Qp) in the form 

M = UaiXa) 

for any ordering of $+. The coordinates Xa = Xa{u) G Qp of u are determined by the 
ordering of the roots, but for a simple root a, the coordinate 

(75) Xa ■■ N{Qp) ^ Qp 

is independent of the choice of the ordering, and satisfies — 1. We suppose, as we 

can, that the Ua have be chosen such that the product 

^0= n ""(^p) 

is a group for some ordering of Then iVo is the product of the UaiTLp) — Na{Zp) for 
any ordering of $-1-. 

We choose a simple root a. We consider the continuous homomorphisms 

: PiQp) ^ P^^HQp) , ia: N{QpY^^ ^N{Qp) , o = 1 , 

defined by 

ec,{ut) -.^ (^^^^^ , ia{u^^\x)) -.^ u^{x) for u^^\x):=(^^ fj , 

for t G T{Qp), u G Af(Qp), x G Qp. They satisfy the functional equation 

for y G -/V(Qp)'^'^' and < G T(Qp). The data {Nq, la-, t-a) satisfies the assumptions introduced 
in the [8| and in the section [9l 

We consider the binary relation si < S2 on T(Qp)_|__^ generated by 

Si = S2S0 with Sg G r(Qp)_|-, q;(so) G Z* , or s" = s™ with 71, to > 1. 

Lemma 10.1. The relation si < S2 on T(Qp)_|__|_ is right filtered. 

Proof. Let A = {a = Q;i,...,a„}. The image of r(Qp)++ by ^ = (valp(Q;i(.))Q;gA is 
contained in (N — {0})" and si < S2 depends only on the cosets siT(Qp)o and sir(Qp)o, 
where 

T(Qp)o = {te T(Qp), ait) G Z; for all a G A} . 

a) First we assume that, for any positive integer k, there exists s^fej G T(Qp) such 
A{s[k]) ^ {k, !,...,!). Then we have s^k] < S[k+i], and s < sms)] for s G r(Qp)++ 
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with k{s) = valp{a{s)). For any si,S2 in T(Qp)++ we deduce that si < and 
•S2 < S[fe(si)+fc(s2)]- Hence the relation < on T(Qp)-|— |- is right filtered. 

b) When G is semi-simple and adjoint the dominant coweights Wc^, . . . ,LUa^ for A = 
{a = ai,...,a„} form a basis of y = Hom(G™,r), and A{T{Qp)++) = (N - {0})". 
Hence exists for any fc > 1. 

c) When G is semi-simple we consider the isogeny tt : G — s- Gad from G onto the adjoint 
group Gad (IE] 16.3.5). The image Tad of T is a maximal split Q^-torus in Gad- The isogeny 
gives an homomorphism T{Qp) — > TadiQp), inducing an injective map between the cosets 

r(Qp) + +/r(Qp)o ^ TadiQp) + + /TadiQp)o 

respecting <, and such that for any tad € ?ad(Qp) there exists an integer n > 1 such 
that e 7r(r(Qp)). Given si,S2 € T(Qp)++ there exists Sad G Tad{Qp)++ such that 
7r(si), ■7r(s2) < Sad by b) and a). Let n > 1 such that s"^ = 7r(s3) for S3 e T{Qp). We have 
Sad < s"^ hence 7r(si), 7r(s2) < 7r(s3). This is equivalent to si,S2 < S3. 

d) When G is reductive let tt : G ^ G' = G/Z° be the natural Qp-homomorphism from 
G to the quotient of G by its maximal split central torus The group G' is semi-simple, 
7r(T) = T' is a maximal split Qp-torus in G', ttIt gives an exact sequence 

1 ^ Zo(Qp) ^ r(Qp) ^ T'(Qp) ^ 1 , 

inducing a bijcctivc map between the cosets 

T(Qp)++/r(Qp)o ^ r'(Qp)++/T'((Qp)o 

respecting <. By c), < is right filtered on T'(Qp)-|-+. We deduce that < is right filtered 
onT((Qp)++. □ 

By Theorem 18.201 and Theorem 19.191 we can associate functorially to an etale T+- 
module D over Os^a different sheaves : 

• For any s € a G(Qp)-equivariant sheaf *I)s on G(<Qp)/P(Qp) with sections on 
Co equal to M{D)''/ 

• The G(Qp)-equivariant sheaves 2)n and 2)u on G{Qp)/ P{Qp) with sections on Cq 
equal to n3eT++M(i:))^'^ and UseT++M{D)'^,'^ . 

In general M(Z3) is different from U seT+^M.{D)''/ , by the following proposition. 

Proposition 10.2. Let M be an etale T^-module M over Ki^{Nq) . When the root system 
of G is irreducible oj positive rankrk{G), we have: 

(i) Ifrk{G) = 1, the G{Qp)-equivariant sheaf on G(Qp)/P(Qp) with sections M^'^ over 
Co does not depend on the choice of s G and M = M^''. 

(ii) If rk[G) > 1, a G{Qp)-equivariant sheaf of o-modules 2) on G(Qp)/P(Qp) such 
that 2)(Co) C M and (mq(1) — 1) is bijective on 2)(Co), is zero. 

Proof. We prove (i). When rk{G) ~ \, then Og — Af^(iVo) and M ^ D is an ctalc 
T-|_-module over Cg. With the same proof than in Prop. 17.51 we have Af^'' = M for any 
s e and the integrals Hg for g G NqPNo do not depend on the choice of s. 

(ii) is equivalent to the property: an etale o[P-)-]-submodule M' of M wich is also a 
R ~ o[No][{ua{l) — l)^^]-submodule of Af, and is endowed with endomorphisms Hg G 
Endo(Ar), for all g £ NoP{F)No, satisfying the relations HI, H2, H3 (Prop. EH]), is 0. 

a) Preliminaries. As rk{G) > 2 and the root system is irreducible, there exists a 
simple root /3 such that a -f- /3 is a root. The elements Ua :~ ^^(1) and np :— up{l) do 
not commute. By the commutation formulas, UaUp = npUah for some /i 7^ 1 in the group 
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H = Y[y N^{'Lp) for all positive roots of the form 7 = ia + j/3 G $+ with i, j > 0. Note 
that H is normalized by A^ct(Zp). Let s £ 1++. We have the expansion (jlip 

(76) - 1)-'^ = u^s{^s{u-\n^h^iy'')) 

in i?. We choose, as we can, a lift wp of S/3 in the normalizer of T{Qp) such that 

- wp normalizes the group Af$^_^(Zp) = N^{'Lp) for all positive roots 7^/5. 

The subset Np{Zp) C A^^(Zp) of M;g(6) such that wijUp{h) £ 'U/3(Zp)P(Qp), contains 
but docs not contain 1. The subset C/„,^ C A^o of ^ such that lu^u G NqP[Qp) is equal to 

?7^, = N'^{Zp)N^^^f!{Zp) = N^^^p{Zp)N'^{Zp) . 

Hence [/u,^ = uUwi^, i.e. w'^^Cq n Co = uti'^"'"Co H Cq, for any u G A^$^_/3(Zp). 

b) Let Af be an i? = o[Afo][('^Q ~ l)~^]-module of M, which is also an ctale o[P+]- 
submodulc. and is endowed with cndomorphisms Hg G Endo(Af), for all g G NqP{F)Nq, 
satisfying the relations HI, H2, H3 (Prop. [5111]), and let m G M' be an arbitrary element. 
We want to prove that m = 0. 

The idea of the proof is that, for s G we have m = if Hwfj {npifisirn)) = and 

that T-Lwfiinp'fsiTn)) = because it is infinitely divisible by — 1, where 7 = sp{a). An 
element in M with this property is because n^ — \ lies in the maximal ideal of A^^ (Aq)- 

Let a^ljp. The product formula in Prop. [5^1 implies 

oH„a ores(l^-ic^riCo) = '^^^^%°^'^<^^-^C^r.C^) = 
H„a^, o res(l^-ic^^co) = ° ^-,8 ° '■es(l™-iConCo) 
since n^'^w^^Co n Co = loJ^Co n Co = iuJ^n~°Co n Cq. For aU fc G N, the elements 

(77) TOfc :=(riQ - l)"''ri,/j(ps(TO) = np{nah - iy''ips{m) 
lie in the image of the idempotent res(l^-i(^^pg J G Endo(Af), because 

(78) mfc = ^ npULps{^s{u~^{nah -l)~^m)) 

u£j{Na(Zp)H/sNa(I.p)Hs-^) 

by ([75]) . ([77)1 . Therefore the product relations between Hwfn'Hn'^ and H„a imply 

= (n^ - l)^'Hwii{mk) , 

Hence "Hu,^ {npips{m)) = since it is infinitely divisible by — 1 which lies in the maximal 
ideal of Ai^{No). We also have 

npipsim) = "Hi o Tes{l^-i^^^^J{npips{ni)) = H^jf, o "Ht^^ {npips{m)) = . 
As np o (fg G Endo(A/') is injective, we deduce m = 0. □ 



90 



Corollary 10.3. There exists a G{Qp)-equivariant sheaf on G(Qp)/P(Qj,) with sections 
M on Co if and only i/rk(G) = 1. 

References 

[1] Bourbaki N., Algcbrc commutative. Ch. 1 a 4. Masson 1985. 

[2] Bourbaki N., Topologie gcncralc. Ch. 1 a 4. Hermann 1971. 

[3] Bourbaki N., Topologie gcncrale. Ch. 5 a 10. Hermann 1974. 

[4] Bosch S., Giintzer U., Remmert R., Non- Archimedean Analysis. Springer 1984. 

[5] Colmez P., {tp, r)-modules et representations du mirabolique de GL2{Qp). Asterisque 
330, 2010, p.61-153. 

[6] Colmez P., Representations de GL2{Qp) et ((^, r)-modules. Asterisque 330, 2010, 
p.281-509. 

[7] Dixon J. D., du Sautoy M. P. F., Mann A., Segal D., Analytic pro-p groups. Second 
edition. Cambridge Studies in Advanced Mathematics, 61. Cambridge University 
Press: Cambridge, 1999. 

[8] Ellis R., Locally compact transformation groups. Duke Math. J. 24, 119-125 (1957). 

[9] Gabriel P., Des categories abeliennes. Bull. Soc. math. France, 90, 1962, p. 323-448. 

[10] Kcdlaya K., New methods for {ip, r)-modules, preprint (2011), http:/ /math.mit.cdu/ 
kedlaya / papers /new-phigamma.pdf 

[11] Schneider P., p-Adic Lie Groups. Springer Grundlehren Vol. 344, 2011. 

[12] Schneider P., Vigneras M.-F., A functor from smooth o-torsion representations to 
{(p, r)-modules. Volume in honour of F. Shahidi. Clay Mathematics Proceedings Vol- 
ume 13, 525-601, 2011. 

[13] Springer T.A., Linear Algebraic Groups. 2nd Ed. Birkhauser 2009. 

[14] Vigneras M.-F., Representations €-modulaires d'un groupe reductif p-adique avec 
£^p. Birkhauser, PM 137, 1996. 

[15] Warner S.: Topological Rings. Elsevier: Amsterdam 1993. 

[16] Zabradi G., Exactness of the reduction of etale modules. J. Algebra 331 (2011) 400- 
415. 



91 



